§1. HamoMuHaHUA U3 IPOEKTHUBHOM reoMeTpuu

1.1. Cornaumenus 06 o6o3HaueHusX. Berogy faee Mbl 0603Ha9aeM depe3 V BEKTOPHOE [IPOCTpaH-
CTBO Ha/| IPOM3BOJILHEIM MT0jieM K, a uepes V* — ABOMCTBEHHOE IIPOCTPAHCTBO OAHOPOAHBIX IUHEH-
Hblx QyHKuuit V — k. 3HaueHue koBekTOpa ¢ € V™ Ha BekTOpe v € V 0603HAYaeTcss OAHUM U3
TPEéx cr1ocoboB: p(v) = (@, v) = ev,(§). Yeped ey, €4, ..., €, U Xy, Xq, ..., X, TAe N+ 1 =dimV, mo
YMOJTYaHHIO 0603HAYAI0TCs ABOUCTBEHHbIE Ga3UCH TpocTpaHcTB V u V™, Tak uto

1 mpui=j

X;i, €;)=
(i J> 0 mpui#j.

Yepes A(V) MbI 0603HaUaeM acconuupoBanHoe ¢ V agdunroe npocmparcmso’. Yepes
SV* = @dzosdv* ~ K[Xg, Xy, ... s X

o6o3HavyaeTesa cummempuueckas anzebpa mpocTpaHcTa V¥, usomopdHas anre6pe MHO2OWIEHO8 OT
nepeMeHHbIX x;. OHa rpaZiyupoBaHa IOANPOCTPAHCTBAMU S dy* c SV* 00HOPOOHbIX MHOT'OWIEHOB
crentenu d. IIpoctpanctBo SV* HassiBaeTcs d-moil cummempuueckoil cmenensio mpocTpascTsa V™
U npezictabiseT coboto k-mrHelHyI0 060704Ky BCEBO3MOXKHBIX IPOU3BEACHUN @, ... (4, COCTABJIEH-
HbIX 13 d KOBEKTOPOB ¢; € V™.

1.2. IIpoekTuBHOE IIpOCTPAHCTBO. CO BCAKUM (1 + 1)-MepHBIM BEKTOPHBIM IPOCTPAHCTBOM V 110-
muMo (n + 1)-mepHoro addunHoro npocrpancrsa A" = A(V) cBa3aHO n-MepHOe npoexmusHoe
npocmpancmso P, = IP(V), ToukaMu KOTOPOTO 110 OIpefie-
JIEHUIO ABJIAIOTCA OJHOMEpPHBIE BEKTOPHBIE ITOAIIPOCTPAH- /
cTBa B V Wiu, 9TO TO e caMoe, IPOXoAIINe Yyepe3 Hava-

J10 koopauHaT apduHHble mpsaMbie B A(V). YToOb BUAETH
UX KaK «O0BIYHbIE» TOUKU, BHYTPh A(V) ciieiyeT HoMeCcTUTh
3KpaH — He Co/ieprKallylo Havana KoopauHaT apPpuHHy0
runepriockocts Uy C A(V), 3azaBaeMyto HEOZHOPOAHEIM
JIUHENHBIM ypaBHeHueM é(x) = 1, rae § € V¥ — mobas
HeHyJeBas juHelHas ¢opma Ha V (cm. puc. 101).

VIPAXKHEHUE 1.I. YOeAUTECh, YTO COOTBETCTBHE & > Ug
3a/1aéT OUEKINIO MEXK/IY HEHYIEBHIMU KOBEKTOPaMMU

¢ € V™ 1 He NPOXOAAMIMMY Yepe3 HAYAIO0 KOOPAUHAT \
adppunHBIMEU runepruiockocTamu B A(V).

6eckoneanoctb P(Ann &)
Q

Besikmii Takoro poga axpaH Uy HasbiBaeTcst agguHHoll kap-
moti Ha P(V). B xapre Ug BUAHbI Bce OAHOMEDHBIE TIOATIPO- adPurnaa kapra U
CTpPaHCTBa, NOPOXKAEHHEBIE BeKTopaMu v € V ¢ &(v) # 0.
JomonHenue P, \ U & COCTOMT M3 OZIHOMEPHBIX IOAIPO-
CTPaHCTB N-MePHOTr0 BeKTOpHOTO noanpocrpancTBa Ann(é) = {v € V| (&, v) = 0} — mpoxozs-
Liei yepe3 HavyasIo KOOPANHAT NapasllebHON KOIUU IUNEPIUIOCKOCTH Uy. ITH OAHOMEPHBIE IIOATIPO-
CTPaHCTBa COCTABJAIOT (n — 1)-MepHOe IPOeKTHBHOe ITpocTpaHcTBO P, = P (Ann(f )) , KOTOpOe Ha-
3bIBaeTCs beckoHeuHo yoanérol eunepnuockocmoio KapTsl Ug. Touku P(Ann §) MOXKHO BOCIIPUHMMATB

Puc. 101. [IpoeKTHUBHBIN MUP.

1Ero Toukw, 10 ONpezieNleHII0, B3AUMHO OZHO3HAYHO COOTBETCTBYIOT BEKTOPAM U3 V, M X MOXKHO IPe/ICTaB-
JIAITh cebe KaK «KOHIIBI» 3TUX BEKTOPOB, OTIOXKEHHBIX OT OTBevalollleil HyJleBoMy BeKTopy Touku O € A(V).
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Kak HanpassieHus B apuHHOM KapTe U, Iz HTak, n-MepHoe IIpoeKTUBHOe IIpocTpaHcTBo P, pasbuBa-
eTcs B JU3BIOHKTHOE 00beinHeHre apQUHHBIX POCTPAHCTB BCEX TPOMEXKYTOYHBIX PA3MEPHOCTEH:
P, = UgUP(Ann¢) = A"UP, , = A"UA" "UP, , =...=A"UA" ' ... UA% e A® = P, —
9TO OZHA TOYKa.

YIIPAXKHEHUE 1.2. Kakoe cooTHOIIIeHUe Ha q HOJIy‘{I/ITCH, €CJIM He3aBUCHUMO I104CYUTATh KOJINYEeCTBA
TOYEK, U3 KOTOPHIX COCTOSAT JIeBasi U TpaBasi YaCTH 3TOTO pa3bueHus Hajl KOHEUHBIM TI0JIEM U3 ¢
2JIEMEHTOB?

1.2.1. I'moGanbHBIE OJHOPOJHBIE KOOPAUHATHI. HeHy/ieBbie BEKTOPHI

U:(xo’xla'-"xn) Hu W=(y09y1"“9yn)’

3a/laHHBIE CTPOKaMU CBOMX KOOPJUHAT B KAKOM-HUOYAb 6asuce ey, e, ... , e, IpocTpaHcTBa V, n306-
pakaroTcsA OZHOU U TOM ke TouKol p € IP,,, ec/i 1 TOIBbKO eC/Ii UX KOOPAUHATHI IIPOIIOPIIIOHABHEL,
! Xyt Xy =Yt Yy AnaBeex 0 < p # v < n. Takum o6paszom,
To4Ke p € P, KOPPEKTHO COOTBETCTBYeT He HaboOp U3 n + 1 KOOpAUHAT, a HA60P U3 N OTHOIIEHWH
(Xg: %y ¢ ... ! X,) MEXIy HUIMH. DTU OTHOIIEHNUA Ha3bIBaeTCs 00HOPOOHBIMU KOOPOUHAMAMU TOY-

KU p B 6asuce ey, e, ..., e,.

YTO O3HAYaeT paBEHCTBO OTHOIIEHUH

1.2.2. JlokanbHble adpduHHBIe KOOpAUHATHL. PaccmotpuMm Ha P, = P(V) addunnyto kapry
Ug = {(xg, X1, .-, X) € A(V) | £(x) = 1}, oTBevaloIyI0 KAKOMY-HHUOY/Ib HEHYJIEBOMY KOBEKTOPY & €
V*. JIto6B1e n KOBEKTOPOB ¢ 4, ..., &, € V¥, Takuxuto &, &, ... , &, 06pasyroT 6a3uc BV ", 3a7a10T BHyT-
pu KapTsl Uy nokanshole apduntble K0OopOuHambl. A IMEHHO, €CIU BEKTOPHI €, €4, ..., €y € V co-
CTaBJIAIOT JBOMCTBEHHBIN k &, €, ..., &, 6asuc, To Touka e, € U £ OyzeT HauaoM oTcuéTa apPUHHOM
KOODAVUHATHON CUCTEMBI, 8 BEKTODHI €, ... , €, OyZAyT 6a3UCHBIMU BEeKTOPaMU B BEKTOPHOM IIPOCTPAH-
cTBe Ann §, ¢ KOTOPBIM accolMUpoBaHo apduHHOE IPOCTPaHCTBO Uy. YTOG! BEIYUCIUTD TOKAIbHbIE
adPrHHBIe KOOPAUHATEI TOUKU P € [P, C OHOPOAHBIMYU KOOPAUHATAMM (X © X1 © ... I Xp), CJlefyeT
BBIGPATh B OZIHOMEPHOM HOANPOCTPAHCTBE P €JUHCTBEHHBIN BeKTOop v = p /&(p) € U gcé(w) =1
Y BEIYMCJIUTD 3HAYEHUA N JIMHEHHEIX dopM ¢, Ha 3TOM BeKTope. OTMETHM, YTO NOJTyJaroliecs Ta-
KM 00pa3soM 3HaueHHs JOKaIbHBIX adOUHHEIX KoopauHaT x;(p) = &;(v) = &;(p) / {(p) 3aBucar ot
OZTHOPOZHBIX KOOPAWHAT TOUKY P HeNUHELHO.

T[TPUMEP I.I (TTPOEKTUBHASA ITPAMASA)

— 2 — —
P, = P(k”) nokpsiBaercsa aBymsa adpduHHBIMU KapTamu U, = UxO u U, = U, , IpeACTaBIA0IIMA
coboto aprHHBIe IPAMBIE C ypaBHEHUAMU X, = 1 ux; = 1 (cM. puc. 102). Kapra U, ToKpbIBaeT Bce
Touyky [P; KpOMe BepTHKaIbHOH KoopArHaTHOMH ocu (0 : 1), KoTopas ABIAeTCs eUHCTBEHHOH OecKo-

HEeYHO yZAaa€HHOM Toukol s kapThl U,y. Touka (x, : x;) c x, # 0 BuAHa B KapTe U, Kak (1 . f{—l)
v GyHKIWA t = x|y = X; /X, MOKET UCIONB30BATBCA B KAYECTBE JIOKaNTbHON apPUHHOI KOOp,Z?I/I—
HaTHl B 9TOH Kapre. Kapra U; IOKPHIBAaeT BCe TOUKH (X, © X;) = (xo/x; 1 1) cx; # 0, u dynxums
§ = Xoly, = Xo /X, TOAUTCA B Ka4eCTBE JIOKAIBHOI KOOpAUHATHL B U; . EANHCTBEHHOM GeCKOHEYHO
yAanEéHHOM TOUKOMH 714 KapThl U, ABJIAeTcA FOpU30OHTaIbHaA KoopauHaTHas ock (1 0). KoopauHaTel
S ¥ t OZHOI ¥ TOH Xe TOUKH (X, . X,) € [P, BuAMMOIi cpa3y B 06enx KapTax, CBA3aHBI COOTHOLIEHHEM

s=1/t.

VIIPAXKHEHUE 1.3. YOeIuTech B 9TOM.

1l"zne paBeHctBaBUZa0: x =0: yux: 0 =y : 0 Takxe AOIMyCKAIOTCA.
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[lostomy [P; MOXKHO BOCIIPHHHMMATh KaK PE3y/IbTaT CKIEHKH ABYX adGUHHBIX KOOPAMHATHBIX IIPS-
Mex A’ (o/Ha — C KOOPAMHATO S, ApyTas — € KOOPAMHATOMH t) BAOMb AOTIONHEHHA 0 Hadana Koop-
JVHAT II0 CJIeyIoleMy IPaBUIy: TOUKA C KOOPAWHATOMN S Ha OAHOM MPAMOM IPUKIEUBAETCA K TOUKE
¢ KoopAauHaToii t = 1/s Ha ApyToii.

(po:p1)=(1:t)=(s:1)

SPO/P]/

t=p1/po

1

Up: xo

Puc. 102. CranzapTHble KapTel Ha P .

Ecnu ocHoBHoe mosie k = R, To B pesysnbrare Takol CKIEUKU MBI [TOJYYUM OKPY)XHOCTb JHaMeT-
pa 1, KapTaMH Ha KOTODOIA CITy’aT JBe JUaMeTPaTbHO IIPOTHBOIONOXKHBIE KacaTelbHEIe IpAMEe !, a
0TOOpaKeHU: OKPY’KHOCTH Ha KapThI CYTh lIeHTPaIbHbIE IPOEKIIUY U3 TOYeK, AaMeTPaTIbHO IPOTH-
BOIIOJIOXKHBIX K TOUKe KacaHUA 3TOM KapThl C OKPY>KHOCTBIO.

t=1/s

s=1/t

Puc. 103. P, (R) ~ S*.

TouHo Takke nipu k = C B pe3ysibraTe CKIEHKH IBYX 3K3€MILIIPOB KOMILIEKCHOH addUHHOM TTPAMO
A' = Cno mpaBuny s < t = 1/s Mbl nonydum cdepy Auamerpa 1, A2 KOTOPOIA HAIIK KapThl SIB-
JIAIOTCA JUaMeTpalIbHO IIPOTUBOIIONIOKHBIMU KacaTelbHBIMHU IVIOCKOCTAMH, a COIIOCTaBIEHUE TOUKe
cdepbl TOYKU Ha KapTe 33AaéTcsA [eHTPATbHOM MPOEKIKNeH U3 AnaMeTPaTbHO MPOTHUBOIOIOKHOIO K

1Cm. puc. 103 Ha cTp. 5.
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TOYKe KacaHUA «II0Iroca» cdepsl, Kak Ha pyUc. 104: eciii OpHEHTAIINHU KacaTelbHbIX IUIOCKOCTEH BEI-
6paHBI cOITTacOBaHHBIM 06pa3oM, Kak Ha puc. 104, KOMIUIEKCHBIE YHCIA S U t OyAyT UMETh IIPOTHUBO-
MIOJIOXKHEIE aPTYMEHTHI U — COIVIACHO PUC. 163 — 06paTHEIE MOAYIIH.

s=1/t U,~C

Puc. 104. P, (C) ~ S2.

[TPUMEP 1.2 (CTAHIAPTHOE A®®HHHOE ITOKPBITHE PP,,)

Ha6op u3 (n+1) apdunnsx kapt U,, = va, 3a/laBaeMbIX B ypaBHeHUAMH {x,, = 1}, HaspIBaeTca
CMAHOapMmMHbIM OMKpPbIMbIM nokpsimuem P, = P(k™?). s kaxxgoro v = 0, 1, ... , n B KauecTBe
CTaH/IapPTHBIX JIOKAIBHBIX ahUHHBIX KoopauHAaT Ha U, 6epyTea n popm

An+1

v X; , ,
t£)=xi|uv: L oc 0<i<n,i#v.

xv
TaxumM 06pa3zom, TPOCTpaHCTBO [P, MOXXHO IIpe/ICTaBIATh cebe Kak pe3y/bTar ckiaeiku (n+1) pasnuy-
HbIx kot Uy, Uy, ..., U, abdurHOrO npocTparcTsa A" 110 nx GaKTHIECKIM I1epecedeHHs M BHYTPU
IP;,. B oaHOpOAHBIX KOOpAUHAaTax Ha P, nepecederue U, N U,, COCTOUT U3 BCEX TAKKX X, ¥ KOTOPBIX

00e KOOpAMHATHI X, U X,, He obpamatorcs B 0. B okanbHbIx adpduHHbBIX KoopanHarax Ha Uy, u U,

u
5TO TIOAMHOKECTBO 33/1a€TCA, COOTBETCTBEHHO, HepaBeHcTBaMy £y # 0 1t} # 0. IIpu sTOM TouKa
tWeu , CKJIEUBAETCA C TOUKOH t") € U, ecm u Tombko ecmu tP = 1/ tﬂ’) u tﬁ” ) = t?’) / tﬂ’) ATs
i # p,v. [IpaBble 4aCTH STHX PABEHCTB Ha3BIBAIOTCA (IYHKUUAMU Nepexodd OT JIOKATbHBIX KOOPAUHAT

t™) x oxanbHBIM KoopzAuHaTaM tW,

[TPUMEP 1.3 (A®PUHHBIE KOHUKN)
[TocMOTpUM KaK BBIIVIAAUT B Pa3INIHBIX abOUHHBIX KapTax IUIOCKas MPOEKTUBHAsA KpuBas C BTOpOi
CTeIleHY, 3a/laHHasA B OFHOPOJHBIX KOOpAuHaTax Ha P, = P(R?) ypaBHEHUEM

xg+x2=x3 (1-n
B crangaprHoti kapte U, , rae x; = 1, B IOKaJIbHBIX KOOP/ANHATAX
ty = xo|le: Xo/Xy, b= x2|UX1: Xy /%

ypasHenue (1-1) npeBpamaercs B ypaBHeHue runep6osibl t5 — té = 1. B cTaHzapTHOM KapTe Uy,,tAe
X, = 1, cJIOKaNbHBIMU KOOPAUHATAMU t, = x0|Ux2= XofXp, t = Xq| v~ X,/X, BO3HVKAaeT ypaBHEHUE

OKpY>KHOCTH tg +t5 = 1. B xapre U, rae x, +x, = 1, BIokanbHBIX ahUHHBIX KOODAUHATAX t =

11X
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epan,— X0 [ +x5),u = (xy; —x,)| Uspony™ (x, —x,)/(x, +x,) mony4aercsa’ ypaBHeHue mapa6obl
t? = u. Takum o6pa3om, apPUHHBIE SIUIHIIC, Tuniep6osIa ¥ mapaboa cyTh H306pakeHUA OAHOM U TOM
’Ke TPOeKTUBHOM kpuBoH (1-1) B pasauuHbIX kapTax. Buz C B kapte U C P, onpezenaeTcsa TeM, Kak
pacronaraeTcsi o OTHOIIEHHUIO K C 6eCKOHEeYHO yaanéHHas psiMas 3TOM KapTHI: 3JUIUIIC, mapabosa
1 runep6osia BO3HUKAIOT, COOTBETCTBEHHO, KOI7Zla 3Ta IIpsAMas He nepecekaercs ¢ C, kacaercsa C U

niepecekaeTcs ¢ C B IBYX PA3JIMYHBIX TOYKaxX (CM. puc. 105).

Xoly

)

.

|

1

Oy
p=(1:0:1)
ft//
ajo t//
q (t//)
Puc. 105. ApdUHHBIE KOHUKH. Puc. 106. IIpoeK1iysa KOHUKU Ha IPAMYIO.

1.2.3. JlonosHUTeNIbHBIE IOAIPOCTPAHCTBA U MpoeKnu. [IpoekTHBHBIE TOATIPOCcTpaHCcTBa K =
=PW)ul = P(W)sB P, = P(V)rassBatorca dononHumensrsimit, ecti KNL = @udimK+dimL =
= n — 1. Hanpuwmep, mo6ble Be Helepecekaolyecsa npsamsle B P, fononHuTenbHsl. Ha A3bike ju-
HEWHOM anre6phl JOMOJMHUTENBHOCTL 03HavaeT, uTo U N W = 0 u dimU + dimW = dimV, T.e.
V = U @ W. B aToM city4ae 0601 BeKTOp v € V uMeeT eAMHCTBEHHOE Pa3jIoKeHNe vV = U + W
cueUuw e W, uecmu v He cogepxurcsa HU B U, HU B W, TO 06e KOMIIOHEHTHI 3TOTO Pa3JioikKe-
HUs OTJIMYHBI OT HyJIsl. [€OMETpUYECKH 3TO O3HAYAET, UTO /i 11060 Touku p & K LI L cymiecTByeT
eZIMHCTBEeHHAsA IpoxXo/sias yepes p npsamas £ = (q, r), mepecekaroinas ob6a mognpocrpanctsa K, L.

VIIPAYKHEHUE 1.4. YOeauTeCh B 3TOM.

Jlnd xkaXk 0¥ aphl AOIOMHUTEbHBIX NoAnpocTpaHeTB K, L C P, npoexyus na L uz K
K .
n; : (P,NK)—> L,

TOX/IECTBEHHO AeHUCTBYeT Ha L 1 IepeBOAUT KaxkAylo TouKy p € P, \(K LI L) B TouKy nepecedeHus ¢ L
TOM eJUHCTBEHHOU MIPSIMOM, YTO IIPOXOAUT Uepe3 p U nepecekaeT K u L. B 0fHOPOAHBIX KOOpAWHATAX
(xg: x;° ... ! X,), COIJIACOBAHHBIX C pasnoxenueM V = U @ W Ttak, 94To (x5 : X, : ... I X;;) AB-
JIAIOTCSA KOOpAMHATaMU B K, a (X541 © Xppyp o ... . Xp) — KOODAMHATAMH B L, IPOEKLINA X mpocro
yaanAer nepsble (m + 1) koopauHar x, c0 < v < m.

"Hazno IepeHecTy xf B (1-1) creBa HaNpaBo U MOAEMUTD 0Oe YacTH Ha X, + X .
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[IPUMEP 1.4 (ITPOEKTUPOBAHUE KOHUKU HA ITPSIMYIO)

CropoekTupyeM miagkyto kKoHUKY C u3 puM. 1.3 u3toukup = (1 : 0 : 1) € C Ha npamymwo L,
3a/jlaHHyI0 ypaBHeHUeM X, = 0. B cranzaprHoit apduHnHoOl kapte U,, Tae x, = 1, aTa mpoekiusa
nzz : C > L BRIIAAUT Kak Ha puc. 106. OHa siBiseTcsa bupayuoHanbHoll buekyuell Mmexay L u C, T. e.
OZIHOPOJHbIE KOOPAWHATHI COOTBETCTBEHHBIX TOUeK q = (qy: q,: q,) € Cut = (0: t;: t,) =
= n,’j(q) € L cyTh payuoHanbvHble anrebpandeckue GyHKIMY APYT ApyTra:

(t1:t)=0(q1: (92— q0))

(1-2)
Qo q:1: q2) = ((tf - t;): 2t4t,: (tf + t%))

YIPAKHEHME 1.5. [IpoBepbTe 5TU GOpMYIIBL U yOeauTech, UTo Korja napa (t,, t,) npoberaet Z X Z,
TpoHKa(q, : q, . q,) Ipoberaet Bce M1paropoBsl TPOMKH' € TOYHOCTBIO 10 IPOTIOPIIUOHATBHO-
CTH.

a camo otoGpaxenue 1} . C — L B3aMMHO OJHO3HAYHO, €C/IU JI0OTIPE/IETUTD €T0 B TOUKE P TaK, UTo-
OBl OHa ITepexoZiuia B TOUKY IlepecedeHHs IpsAMOi L 1 kacaTelbHOMN K C B TOUKe p IPAMOH X, = X,
(#a puc. 106 3TO MepeceyeHre MPOUCXOAUT B HeckoHeuHoi Touke t = (0: 1: 0)). B camowm zere,
KakJas Ipoxozdiias dyepes p npsaMad £, = (pt), 3a UCKIIOYeHHeM KacaTeJlbHOMU, epecekaeT C elé
POBHO B OZHOM ToUKe q = q(t), OIMYHOM OT p, ¥ KOOPAUHATHI 3TOM TOYKU q paljiOHAIBLHO BhIpaXKa-
10TCA Yepe3 k03GUIeHTH ypaBHEHUS NPAMOH £, ABJIAIOMINEC PallMOHAIBHEIMU QYHKIUAMM OT ¢,
Y KOOPZIMHATH! TOUKHU P.

1.2.4. IIpoekTuBHAas ABOIcTBeHHOCTD. [IpocTpanctea P, = P(V) u P} ¢ P(V*) HaspiBaroTCA
08olicmaeHHbIMU TIPOEKTUBHBIMU IIPOCTPAaHCTBAaMU. ['eoMeTpUyecKy, KaXK/J0e U3 HUX €CTh TPOCTPaH-
CTBO TUIEPIUIOCKOCTEH B IPyTOM: OZIHOPOAHOE JINHeMHOe ypaBHenue (&, v) =0Haé €V uv eV
npu $ukcupoBanHoM ¢ € P* 3agaér runepiuiockocts B P, a npu duxcuposanHom v € P, — ru-
TIEPIUIOCKOCTD B P, COCTOAMIYIO U3 BCEX TMIEPILIOCKOCTEH B P, , IPOXOAANINX Yepe3 TOUKy v € P,,.
W3 Kypca JUHENHOM anreOphl U3BECTHO, 4TO cooTBeTcTBUe U & Ann(U) ycraHaBnuBaeT obpaiia-
IONIYIO BKJIIOYEHUS OUEKITVIO MEXKIY BEKTOPHBIMU TOATIPOCTPAHCTBAMU JIOTIOJTHUTENbHBIX pa3Mep-
HOCTEH B [BOMCTBEHHBIX IpocTpaHcTBax V u V. [Ipu mepexoze K MPOEKTUBU3AIVAM AJIsI KAKAOTO
m=20, 1, ... , (n—1) Bo3HUKaeT OUEKIU MEXY M-MePHbBIMU TPOEKTUBHBIMHU ITOATTPOCTPAHCTBAMU
B P, 1 (n—1—m)-MepHBIMH IPOEKTUBHBIMH [IOANIPOCTPAHCTBAMU B [P}, IepeBoAAIIas IPOEKTHBHOE
noznpocrpanctso L = P(U) C P, B npoekTrBHOE noAnpocrpadcrso L* = P(Ann(U)) C P}, o6pa-
30BaHHOE BCEMH TUIIEPIUIOCKOCTAMH, coZepKamumu L. Takas npoekmugHas 080licmaeHHOCMb 03~
BOJISIET TIEPErOBAPUBATh T€OMETPUYECKUE YTBEPXK/AEeHUs B JBONCTBEHHBIE T€OMETPUYECKIE YTBEp-
skgeHus. Hanpumep, ycaoBue KOIMHEAPHOCTH TPEX TOYeK JBOMCTBEHHO YCIOBUIO HAIUYUA Y TPEX
TUIIEPIUIOCKOCTEH 0611Iero MoANpPOCTpaHCTBa KOPAa3MEPHOCTH 2.

1.3. IIpoexkTUBHBIE Ipe0Opa3oBaHus. Beakuil TMHENHBIM N30MOPGU3M BEKTOPHBIX IIPOCTPAHCTB
F: U = W xkoppekTHO onpezeinser 6uekiuio F : P(U) = P(W), koTopasa Ha3bIBaeTCA npoeKkmus-
HbIM U30MOPPHUIMOM UV NPOEKMUBHBIM NPe0OPA308aAHUEM.

YNPAXKHEHME 1.6. PaccMoTpuM ABe runepruiockoctl Ly, L, € P, = P(V)uTouky p & L, U L,.
Y6eauTtech, YTO MPOEKITUS U3 P 3aJaET TPOEKTUBHBIN U30MOPOHU3M Yp: Ly = L,.

JIEMMA 1.1
JU1s1 MOOBIX IBYX YIIOPAZOYEHHBIX HAOOPOB Py, Py --- » Ppy1 € PWU), qg, 1> -+ » Gpnyq € PW)H3 N 42
TOueK, B KaK/JOM 13 KOTOPBIX HUKakue n + 1 Toyek He JieXkaT B OZIHOM I'MIIePIUIOCKOCTH, CYILIeCTByeT

IT. e. Bce menbie pemrenus ypasHenus [Tudaropa q2 + q2 = q2
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eZINHCTBEHHBI! C TOYHOCTHIO 0 IPOIIOPLUOHATIHPHOCTH TaKOU JTUHEeNHbIN nsomopouam F @ U = W,
yTo F(p;) = q; Ipy Beex L.

JIOKABATE/BCTBO. 3adUKCHpyeM Ipe/CTaBIAONINe TOUKH P; U q; BEKTOPHI U; U w;. Torna Habopsl BeK-
TOPOB Uy, Uy, ... , Uy Wy, Wy, ..., W, ABIAI0TCA 6azucamu B U u W. Oneparop F : U — W nepeBoaut
TOYKY p; B TOUKY (;, €CJIM ¥ TOJIbKO et F (u;) = A;w; Ana HekoToporo HeHynesoro A; € k. /lna toro,
YTOOBI TOUKH Py, P15 - - » Py, IEPEBOAWINCH IIpe0Opa3oBaHUuEM F B TOUKH Qo>91> -+ » 4y, HEOOXOAMMO
1 IOCTAaTOYHO, YTOOBI O1IepaTop F MMeJl B yKa3aHHBIX BhIIIe O6a3ucax AuaroHaJbHYIO MaTpPHUITY € IIpO-
M3BOJIbHBIMU HeHY/IeBBIMU KOHCTaHTaMU Ay, A4, ... , A,, Ha [MIaBHOM AuaroHaIu. 3aMeTHUM Tellepb, 4TO
BCe KOOPJAMHATHI X; B PA3NOKEHUH U, = XgUg + X;Uq + ... + XU, OTIMYIHEL OT HyJIA, HOCKOIbKY B
TIPOTHBHOM ciydae n + 1 u3 Todek' p; okasamuch 6b1 B O[HOI KOOPAMHATHOI TUTIEPILTIOCKOCTH. Ecu
aHaJOTMYHBIM 00Pa30M Pas3IOKHUTb BEKTOP Wy, = YoWo + Y;W; + ... + Y, W,, U 3anucaTb paBeH-
cTBO F(Uy,,q) = ApyqWpy, B BUZE CUCTEMBI PABEHCTB Ha KOODAWHATEI, MBI IOJIyYNM Ha KOHCTAHTHI
Ags A1y ++v s Apyq COOTHOIUEHUA V; = Ay qA;X;, U3 KOTOPBIX A; = A%, + ¥;/X; ipu Bcex 0 < i < n, T. €.
Marpuia oneparopa F onpezie/ieHa 0fHO3HAYHO C TOYHOCTBIO 10 MHOXUTENA A, 14 # 0. g

C/IEACTBMYE 1.1
JlBe MaTpHILIBI TOTZIA ¥ TOJIBKO TOTZA 3aJal0T OZUHAKOBEIE IIPOEKTUBHEBIE H30MOPGU3MBIL, KOTZa OHU
MIPOITOPIIMOHAIBHEI. O

1.3.1. JluHeliHas npoekTuBHAaA rpymnmna. ComiacHo jsieM. 1.1 TnHeiTHbIe TPOEKTUBHBIE ABTOMOP-
¢usmel mpoctpaHcTBa P(V) 06pasyrot rpymmy, n3oMopdHYI0 GaKTOp rpyIe NOTHON TMHEHHON I'PyTI-
el GL(V) mo noarpymnme romotetuit H = {A1-1d | 1 # 0} C GL(V). Odta dakTop rpymnmna o603HavaeTcsa
PGL(V) = GL(V)/H u Ha3bIBaeTca npoekmueHoli auHeliHoll epynnoii. Eciu ipu oMoy Beibopa 6a-
3MCa OTOX/IECTBUTD IMHeHHYI0 rpynny GL(V) ¢ rpynioi HeBEIpOXAeHHBIX MaTpull GL,, |, , IPOEKTHB-
Has rpymnna PGL(V) otoxaectsutca ¢ rpynnoii PGL,, , ; HeBBIPOXKJEHHEIX MaTpHLI, pacCMaTpUBaeMbIX
C TOYHOCTBIO IO ITPOTIOPIIMOHATBHOCTH.

1.3.2. Tomorpaduu. InHeHbIE TPOEKTUBHBIE H30MOPGU3MBI MEXK/Y TPIMBIMU Ha3bIBAIOTCS 20-
Mozpagdusamu.

YIPAKHEHUE 1.7. [IycTh Touka p € PP, He jexut Ha mpsamoii L C P,. O6o3Hauum yepe3 p* C
c P} IpAMYI0Z, 06pa3oBaHHYI0 BCEMH MPOXOAAIIMME depe3 p IPAMBIMU Ha P, . [Tokaxure, 4TO
oto6paxenu p* = L, £ — ¥ N L, ABnseTcs romorpadueit Mexay npsaMeiMu p* C P5 u L C P,.

JpyruM IpoCTeRIINM IPUMePOM roMorpadyH ABJAETCA EPCIEKTUBA 0 . £, <> £, MeX/y IPAMBIMU

£,,¢, C P,, 3azaBaeman npoekiyel U3 kakoH-HUOyAb Touku 0 & £, U ¥,, Kak Ha puc. 1¢7. 3to
2 ~ X ~

KoMIo3uius romorpaduii £, = 0™ = £, us ynp. 1.7.

JIEMMA 1.2
T'omorpadusa ¢ : £, = £, mexay npaMmeiMu £,,£, C [P, ABiAeTcA MepClIeKTUBOU, ecid U TOIbKO
€CJIM OHA IIepeBOJIUT TOUKY IlepecedeHuUs NPSAMEIX £, N £, B cebsl.

JIOKA3ATE/IbCTBO. O603HaUas Yepe3 0 TOUKY IepeceveHus npsaMeix (a, ¢(a)) u (b, (b)), coeauHso-
KX IIPOU3BOJIbHBIE TOUKU a,b € ¢, \ £, c ux obpazamu ¢(a), ¢(b), kak Ha puc. 1lo7. CormacHo

! A uMeHHO, TOUKa D,,,, U BCe TOUKM P; C HOMEPAMH, OTTMIHBIMH OT HOMEpa 3aHy/TUBIIEHCA KOODAUHATHI
BeKTOpa Uy, ;.
2Cm.n° 1.2.4 Ha cTp. 8.
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nem. 1.1, kaxzas romorpadusa OZHO3HAYHO OIpe/iesifAeTcs CBOUM JeHCTBIeM Ha TPU Pa3IMdHBIe TOU-
ku. [lepcriektnBa 0 : £, = £, JeHCTBYeT Ha TPU TOUKU a, b u £, N £, Tak xe, KaK U ¢. ]

Puc. 107. [lepcniekTrBa.

[IPE/IZIOXKEHMUE I1.I (IIEPEKPECTHAS OCh TOMOTPA®UM)

Kaxxpas romorpadus ¢ : £, = £, mexxay npameimu €, £, C P, packiagbiBaeTcsa B KOMIO3UIINIO
@ = by o b, nByx nepcuekTuB b, : £, - fub; . £ - £, cuenTpamu B TouKax b, € ¥,, b, € ¥,,
cm. puc. 108. TIpu 5ToM ToUKy b, € £, \ £, MOXKHO BEI6PATh 060 OTIMYHOM OT @~ (£, N £,), TouKa
b, = @(b,), a npsimas £ He 3aBUCUT OT BEIOODA b, , TPOXOAUT uepe3 TOUkU @(£, N £,) U (,0‘1(1{’1 nt,)
U ipezAcTtapisieT coboro I'MT mepeceyeHUs «MEPEKPECTHBIX MPAMBIX» (X, @(V)) N (¥, p(x)), Tae x # y
He3aBUCHMO Ipoberaior £, . Bosee Toro, no60e pasioxeHne roMorpaduu ¢ B KOMIIO3ULINIO b, © b,
NepPCIEKTUB C leHTpamu by, € £, \{,, b, € £, \ £, UMeeT UMEHHO TaKOU BU/,.

Puc. 1¢8. IlepexkpécTHas OChb.

JIOKABATE/BCTBO. [TycTh TpY pa3nuyHble TOYKY d,, by, ¢; € £, nux 0bpaskl a,, b,, ¢, € £, IpyTroMo-
rpaduu ¢ TAaKOBBI, YTO HY OJHA U3 3TUX IIECTH TOYEK He COBNAZAET C TOUKOH q = £, N¥,. O603HaUNM
4epes £ IPAMYIO, IPOXOAALIYIO YePe3 TOUKH (‘11 bz) N (bl, az) u (clbz) N (bl, o ) Tak KaK KOMIIO3H-
I[UA IepCIeKTUB b, o b, lepeBOAUT TOYKU a,, b,, ¢, B a,, b,, c,, OHa cOBIaZAaeT € ¢, cM. puc. 1¢8. Ml
3aKJII0uaeM, 4To paAMas £ IpoXoauT depes Touku' ¢(q), ¢~ 1(q) u npeacrasnsaeT co6oro I'MT mepe-
cevenus npambix (by@(x)) N (x¢(b,)), rae x € £1 \ b, . [TOBTOPsISA 9TO ke PacCyKAeHHe A1 TPORKH

'KoTophie MOTYT cOBIaZiaTh, €C/IH FOMOTpadus ¢ IepCleKTHBA.
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¢,, a4, b, BMeCTOTpOMKU a4, b,, C;, KaK HA pHC. 169, MOJIy4UM pasIOKeHHE ¢ = a,°d, B KOMIO3HULIIO
nepcrekTus a, . ' — fua,: ¢’ — £,, B KoTopoM npsamas £’ ToXe MPOXOAUT Yepe3 TOUKHU ¢(q),
©~1(q) uipezcTaBaser co6oto I'MT HepeceyeHUs IPAMbIX (a1<p(y)) N ( ygo(al)), raey € £,\a,.Ilo-
CKOMBKY 06e mpaMEle £ 1 £ IpoxoaaT Yyepes (BO3MOXHO COBIIaZiatolye) To9ku ¢(q), ¢ 1(q), a Taxxe
yepe3 OTIMYHYIO OT HUX TOUKY (blaz) N (albz), 9TU IpsAMBle COBNAZAIOT. Tak Kak TOUKU a, U b, BHI-
6VpaIHCh IPOU3BOIBHO, MBI 3aK/IOYAEM, UTO BCe PasNoxkeHna ¢ = (x: £ — £,) o (p(x): £; — ¢)
HMMeIOT OJHY U TY e npaMylo £, koTopas apiseTca 'MT nmepecedenus npambix (x, @(¥)) N (¥, p(x)),
IZie X # y He3aBHCHUMO IpoberatoT ¥, . [TocieaHee yTBepKAeHNE NIPEATOKEeHUA BHITEKAeT U3 TOTO,
9TO B TIOOOM pasjiokeHUu @ = b, ob, cb, € £,, b, € £, Touka b, = ¢(b,). O

CL2 = 99(@1)

Puc. 169. PaBenctBo £’ = 4.

1.3.3. [IBoiiHoe oTHOLIeHMe. JInHeliHada npoexkTuBHadA rpynna PGL, (k) cocTouT U3 K1accos mpo-

d

T (%) o axy + bx,
"\ cxg+dx, )’

KoTOpas B cTaHAapTHOU adduuHol KapTe U; ~ A’ ¢ KoopauMHATOIA t = X, /X, MIMeeT Bz APOGHO Ju-
HeliHoro peobpasoBanusd t — (at+b)/(ct+d). EnuHcTBeHHOE APO6HO JIMHEIHOE IIpeo6pa3oBaHue,
nepeBojslllee TPY 3aJaHHBIX Pa3JIUYHbIX TOUYKU ¢, T, S B 00, 0, 1, nMeeT BUz

a b
MTOPITMOHATBHOCTH MaTpUIl A = <c ) cad — bc # 0. Takaa maTpuna geiicrByet Ha [P, romorpa-

dueit

t—

t—r s-—r

1-3
f—q s—a (1-3)

OTMeTUM, 4TO pasHOCTb ahGUHHBIX KOOPAWHAT @ = d,/a, ub = b, /b, mapel Todek a = (a, : a,)
ub = (by: b;) Ha P, ¢ TOYHOCTHIO O MHOXKUTEJISI COBIIAZAET C ONPEJENUTENEM UX OLHOPOAHBIX
KOOpZAMHAT:

a—b= % _ @ — agh, —a, b, _ det(a, b)
a by a,; by a;b;

J1 4eTBHIPEX pa3INYHBIX TOUEK P, , Py, P3, Py € P, BeUuMHA

(p1 _ps) (pz —p4) _ det (pppz) - det (p2ap4)

= (1-4)
(Pr—p4) (P, —p3)  det(py.p,) - det (p,.p3)

[P1, P2> P3- Pul =
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Ha3bIBAETCsA 080LIHbIM OTTlHOLuEHu@]Vl1

STUX YeThIpEx Touek. CornacHo (1-3), ABoiiHoe oTHOIIeHUe (1-4)
npezcTaBIieT cob6010 06pa3 TOUKU p, IPU eMHCTBEHHOM Apo6OHO JTMHEHHOM aBToMopdusMe P, me-
PeBOJAIIEM TOUKH Py, P,, D3 B TOUKU 00, 0, 1 cooTBeTcTBEHHO. OTCI0AA Cpa3y CIeAyeT, YTO JBOMHOe
OTHOIIIEHNE YETHIPEX PA3TUYHbIX TOYEK MOXKET IPUHUMATD JTIF0ObIe 3HaYeHUs Kpome oo, 0 u 1 u yTo
[IBE VIIOPSIOUYEHHBIX YeTBEPKHU TOUEK TOT/Ia ¥ TOJIHKO TOT/Ia IEPEBOJSATCS OHA B APYTYIO APOOHO JIn-

HeWHBIM ITpeobpa3oBaHreM IIPSMOH, KOIZJa UX IBOMHbIE OTHOIIEHUSA OZUHAKOBHIL.
YOPAXKHEHME 1.8. JlJoKkaXXuTe IociefHee yTBepKAeHUe.

[TockosbKy 3aMeHa OZHOPOAHBIX KOOPAKHAT SIBJIAETCA UMEHHO TAKUM NIPe06pa30BaHUEM, MBI 3aKJTIO-
YyaeM, YTO IpaBas 4yacTh paBeHCTBa (1-4) He 3aBUCUT OT BEIOOPA OZHOPOAHBIX KOOPAWHAT, & CPEHAA
gacTh (cozgep:kamias pa3HOCTU abPpUHHBIX KOOPAUHAT TOYEK) He 3aBHUCUT HU OT BeI6opa ahbuHHON
KapThl, HU OT BEIOOPA JIOKAJIbHOM adGUHHOM KOOPAUHATHL B Hel (IIPU YCIIOBUM, YTO KAPTa COAEPIKUT
BCe YeThIpe TOUKHY, T. €. 3HAYEHUA P, Py, P3, P, KOHEUHBI).

YMPAXXHEHWUE 1.9. YOeAUTECh, IPU J€HCTBUN CUMMETPUYECKOH IPYIINHI S, TIepecTaHOBKAMU TOYEK
4
D1, D2, P3,> P4, 9€TBePTHadA NoArpynmna Kielina V, C S, coxpaHaeT ABOWHOE OTHOLIEHHE 3TUX
TOYEK, ¥ €CJIU [Py, Py, P3, Dyl = U, TO

[P1s P2> P35 Pal = [P2, D15 Pas P31 = [P35 Pas P25 P1] = [Pas P35 P2y P11 =0

[P2> P1> P3> Pal = [P1s P25 Pas P31 = [P3s D4 D1s P21 = [Pas D3, D15 D21 =170

[P35 P2> 1> Pal = [P25 D3> Pas P11 = [P15 Das P2s 3] = [Pa> P1> P2s P31 =09/ = 1)
[Pa> D25 P35 P11 = [P2s Das P15 P3] = [P35 P15 P2s Pal = (P15 P35 P2y Pal =1 =70

(P2, P3» P1s Pal = [P35 D2s Pas D1l = [Py Pas P35 P21 = [Pas D1, D3, P21 =0 — 1D/I
[P3, P1s P2s Pal = [P1s P35 Pas D21 = (P2 Pas P1s P31 = [Pas P2, 1, P31 =1/(1 =)

(1-5)

1.4. 3aganue ¢uUryp NoJIMHOMHUAIBHBIMYU yYpaBHeHHAMHU. C KOKJBIM BEKTOPOM v € V cBfA3aHO
oTobparkeHue BerauCIeHus ev,, : SV* - k, f — f(v), nepeBogsinee nponsBeseHre THHERHBIX GOPM
") f
f =¢,...0, € S™V* B npousseseHue ux sHaveHuii f(v) € I1 ¢(v) Ha BekTOpe v. B TepmuHax
KOOD/JMHAT, 3HaUeHHUe MHOrowieHa f(X,, X, ...,X,) Ha BEKTOpe ¥ PaBHO Pe3y/bTaTy IOACTAaHOBKU
BMeCTO Ka)K/Iol IlepeMeHHOI x; 3HadeHUs {-Tol KOODAUHATE BeKTopa v B 6asuce mmpocrpaHcraa V,
ABOWCTBEHHOM K 6asucy X, Xy, ..., X, B V*. Takum ob6pa3oMm, Kaxxaplii MHOTOWIeH f € SV* 3azaér
oyukmuto f : A(V) - k, v — f(v), Ha apdurHOM pocTpancTBe A(V). Bee Takve GpyHKIIMY HAa3bIBa-
IOTCA NOAUHOMUANBHBLMU.

YOPAXKHEHUE 1.10. [TOKa)kKuUTe, YTO HaJ KOHeyHBbIM mosieM Kk sro6as ¢yukuusa A(V) — k asasert-
¢Sl IOJTMHOMUA/IbHOM, TIPUYEM CYIIEeCTBYIOT HEHyJIEBble MHOTOWIEHHI, 3a/Ial0IIye HYJIEBYIO TI0-
JIMHOMUATBHYIO GpyHKIIMIO0. HanpoTuB, HaZi 6ECKOHEYHBIM [T0JIEM UMEIOTCS HETTOJTMHOMUAIbHBIE
¢dynkuu A(V) — k, a ;Ba MHOTOWIEHA 33/1aI0T OJMHAKOBBIE TIOJTMHOMUAIbHBIE QYHKIIMH TOJb-
KO KOT7Ia OHU PaBHbI KAK MHOT'OWIEHBI.

1.4.1. Addunubie MHOroo6pasus. MHOXeCTBO Hy/Iell MHOTOWIeHa f Ha abdUHHOM IPOCTpaH-
crBe A(V) obosnauaercs uepe3 V(f) = {p € A(V) | f(p) = 0} u HasbIBaeTcsa adpunHoil anzebpauue-
ckoli zunepnosepxHocmoto. [lepeceuenus abGUHHBIX are6pandecKruX FrUMEPIIOBEPXHOCTEMH, T. €. MHO-
JKECTBA pelleHNll CUCTeM NOJTMHOMUAIBHEIX YpaBHEHUH HAa KOOPJVHATHI, HA3BIBAIOTCA APPHUHHBLMU
anzebpauueckumu MHozoo06pasusamu. Hanpumep, apPuHHBIMU MHOTOOOPA3UAMU ABJAOTCA abduH-
HEIE ITOATIPOCTPAHCTBAa — OHU 33J]aI0TCA CUCTEMaMU JIMHEMHBIX YPaBHEHUH.

! [Mo-aHIIMIHCKY Cross-ratio.
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1.4.2. TIpoekTuBHBIE MHOTOOOpa3us. Ha nmpoekTuBHOM npocTpaHcTBe P(V) OTIMYHBIHN OT KOH-
CTaHTHI MHOTOWIEH OT OAHOPOAHBIX KOOPAUHAT OOBIYHO He 3a0aém HUKaKOM GYHKITUY, T. K. 3HaYEHUE
f(Av) 3aBucut ot A. TeM He MeHee, /s 1I0O60T0 00HOPOOHO20 MHOTOUIEHA f cTeneHU d MHOXKECTBO
ero Hyneit V(f) € {v € V| f(v) = 0} apndeTca KOPPEKTHO ONpeeNéHHBIM MOAMHOXECTBOM
B P(V), mockombky f(v) = 0 <= f(Av) = 24 f(v) = 0. "naue roBops, apPpuHHAA rTUIEPIIOBEPXHOCTD
V(f) c A(V), 3ajaHHast OJHOPOAHBIM MHOTOWIEHOM f, TIpe/iCTaBsAeT cOO60l KOHyC, 0Opa3oBaHHBIN
MIPOXOANIVMMY Yepe3 Havao KOOPAUHAT IIPSMBIMU, KOTOPBIE SIBJIAIOTCSA TOYKAMU IPOEKTUBHOTO IIPO-
crpadcTBa. MHoxkecTBO aTuX Touek V (f) C P(V) Ha3pIBaeTcsa npoekmugHoll anzebpauueckoll eunepno-
sepxHocmbto creriend deg f. [lepecedeHnst IPOEKTUBHBIX THIIEPIIOBEPXHOCTEMN, T. €. MHOXKECTBA pac-
CMaTpPUBAEMBIX C TOYHOCTHIO /10 MPOMOPIIMOHATHFHOCTY HEHYJIEBBIX PENIEHUN CUCTEM OFHOPOHBIX
MTOJIMHOMUAIbHBIX YPaBHEHUH, HAa3bIBAIOTCS NPOEKMUBHbIMU A12e0pauUecKuMU MHO2000pa3uUsMU.

[MpocTetinye MpUMepPH TPOEKTUBHBIX MHOTO0OPa3Uii — 3TO 33a/jlaBaeMble CCTEMaMU OJHOPO/-
HBIX IMHEWHBIX YPaBHEHUN npoekmusHble noonpocmparcmea P(U) C P(V), accoriurpoBaHHBIE C BEK-
TOPHBIMU moATpocTparcTBamu U C V. Tak, mpoekTuBHas npsamast (ab) mpezcTaBisieT co6010 TIpoekK-
TUBU3AINI0 TMHEWHOU 000JI0YKY BEKTOPOB @ U b, T. €. COCTOUT U3 BCEBO3MOXKHBIX TOUYEK Buza Aa+ub,
¥ MOXXKeT OBITh 3a/laHa CCTEMOM TMHEWHBIX ypaBHeHuii & (x) = 0, rae & mpoberaeT MOANPOCTPAaHCTBO
Ann(a) N Ann(b) nmm KakoH-HUOYAb 6a3uc B 3TOM HoAnpocTpaHcTBe. OTHomeHue (A : u) koadpdu-
LIMEeHTOB U3 pa3ioXeHusA BekTopa Aa + ub € (a,b) MOXHO MCIIOIH30BaTh B KAYECTBE BHYTPEHHEN
OZHOPOZHOM KOOPAUHATHI Ha IpAMOti (ab).

YIPAXKHEHME I1.I1. [ToKa)XXUTe, YTO AJIA JTIOOBIX ABYX IPOEKTUBHBIX NoAnpocTpaHcTs K, L C P, BBI-

mosHsseTcs HepaBeHcTBO dim(K N L) > dim K + dim L — n (B 4acTHOCTH, J00bIe iBE TIPAMBIE Ha
[P, mepecekaroTcs).

1.4.3. TlpoekTuBHOE 3aMbIkaHue adpdunnoi runepnosepxuoctu S = V(f) C A" 310 mpo-
eKTHBHas T'UIepIIOBEPXHOCTh S = V(f) C P,,, 3agaBaemMas OAHOPOAHBIM MHOI'OYIEHOM f CTeneHu
d = deg f, nepeceyeHne KOTOpoii co cTaHAapTHOI abduHHOI kapToii U, coBnazgaet c X. Eciu

fOp o xy) =fo+ i, o) + 0, o xp) + o+ fa(xg, ., x,)

IJe KaKJbli f; OfHOpPO/ieH CTelleHH i, TO

= d d-
s Xqs s X)) = fo XG5 + f1(050ee s X)) - X5 4 o+ fy(og, en s %)

nosy4aeTcs U3 f yMHOXEHHeM KaXZ0ro MOHOMa Ha IOZAXOAAMIYIO CTENeHb X, aononnmomy}o cre-
IIeHb BCET'O MOHOMaA JI0 d, U npeBpamaeTc;I B f pu x, = 1. JlononHeHue S\S=Sn U 3aaaeTCH B
OZHOPOZHBIX KOOpAUHATAX (X, @ X, © -+  X,)Ha OeCKOHEYHO yAajIéHHOH I'HIIePIUIOCKOCTH X, = 0
ypaBHeHHUeM f,(X,, ..., Xx,) = 0. Takum ob6pazom, jJexaliye Ha 6eCKOHEYHOCTU TOUKU TUIIEePIIOBepX-
HOCTH S — 3TO B TOYHOCTH HYJIU CTaplleil OZHOPOAHOYW KOMIIOHEHTH! ypaBHEHUs, 3aatomiero S. B ag-
¢$UHHOM reoMeTpUY X 0OBIYHO HA3BIBAIOT ACUMNMOMUUECKUMU HANPABNEHUSAMU TUTIEPTIOBEPXHOCTU
S.

Hanpumep POEKTUBHBIM 3aMblKaHUeM abdUHHOM Ky6UYecKoii KpUBOWA X, = X3 ABJIAETCS MPO-
eKTHBHas KpuBas xéx1 = xg, KOTOpas UMeeT POBHO OIHY 6eCKOHEeYHO yaanéHnuyo Touky (0 : 1 : 0)
¥ BRIIAZMT B abduHHON KapTe U, Kak moyKyGudeckas napabosia xa = X5 ¢ OCTPUEM B 3TOH ToUKe.

1.4.4. IIpocTpaHCcTBO runepnoBepxHocTeil. [I0CKONbKY NPONOPIMIOHANIbHEIE YPABHEHUA 3a/a-
10T OZIHY U Ty K€ TMIIePIIOBEPXHOCTD, FUIIEPIIOBEPXHOCTHU CTeTleHU d ABIAI0TCA TOUYKAaMU IIPOEKTUBHO-
ro npocrpadcTsa P(S dV*), KOTOpO€e MBI OyZleM Ha3bIBaTh NPOCMPAHCMBOM 2UnepnogepxHocmeil CTe-
neau d B P(V).
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YIPAXKHEHME 1.12. HaliiuTe pasMepHOCTb IPOCTPAHCTBA TUIleplioBepXHocTel d-Toit creneHU B IP,,.

[TockonbKy ypaBHenue f (p) = 0 npu ¢ukcupoBanHoM p € P(V) ABnaeTca auHeliHbIM ypAsHeHUeM HA
f € S%V*, rumeproBepxXHOCTH cTeneHu d, IPOXOAANIMe Yepe3 3ajaHHyI0 TOUKY P, 06pasyioT MpOeK-
TUBHYIO TMIIEPIUIOCKOCTD B IPOCTPAHCTBE BCEX TUIIEPIIOBEPXHOCTEMH.

[TpoeKTHUBHEIE TOAIIPOCTPAHCTBA B IPOCTPAHCTBE FUIIEPIIOBEPXHOCTEN HA3BIBAOTCSA JIUHEIHBIMU
cucmemamu TUNIEPIIOBEPXHOCTET. 1o onpesesieHII0, BCsAKas TUIIEPIIOBEPXHOCTD U3 IMHEHHOM cucTe-
MBI, IOPOXKAEHHOM runepnoBepxHocTamu V(f;), V(f,), ... , V(f;,), 3anaéTtca ypaBHeHHueM BUza

Mfi+ o+ A frm =0,

rae Ay, ... , Ay € k— HeKOTOpbIe KOHCTAHTHL. B yacTHOCTH, M00as TUIepIIoBepXHOCTh U3 TAKOH CH-
cTeMBI 00513aTeIbHO cofepxKUT nepecedenre V(f,) NV(f,) N ... N V(f,,). Ilo crapuHHOH Tpaanuuy,
OHOMEpHBIE U IBYMEPHEIE JIMHEWHbIE CUCTEMBI TAK)Ke HA3BIBAIOTCSA NMyuKamu U C853KAMU COOTBET-
CTBEHHO. [TOCKOJBKY JTr06as1 IpsAMasi B IPOEKTUBHOM IIPOCTPAHCTBE MMeeT HEIyCTOoe IepecedyeHre
¢ mo60ii IUMePIVIOCKOCTBIO, BCAKHIA ITy4OK IHMIEPIOBEPXHOCTeH BCera CoJep:KUT THIepIIOBepX-

HOCTb, POXOJSAIIYI0 Yepes Jo0yIo HallepéZ 3aJaHHYI0 TOUKY.

[TPUMEP 1.5 (HABOPBI TOYEK HA [P, 11 KPUBASL BEPOHESE)
duxcupyeM AByMepHOe BeKTOpHOe mpocTpaHcTBo U ~ k? ¢ KoopauHaTaMu Xg,X; A PACCMOTPUM
IpoeKTUBHYIo npsaMyio P; = P(U). Bcakoe koHeYHOe MHOXKECTBO TO4YeK

P1s--..Dq € P, =PU)

(cpeau KOTOPBIX ZIOMYCKAIOTCA Y COBIAAOINeE) SIBJSETCA anrebpandecKoii TUIepIoBEPXHOCTbIO, a
MMEHHO, MHO)XXECTBOM HYyJIEN OZIHOPOZHOT'O MHOTOWIEHA d-TOH CTeNneHU

d d
fxgrx;) = [ [ dete.py) = [[@v1%0 = Proxs). TaEDy = Dy : Pyi)- (1-6)
v=1 v=1

Ilo anasoruu ¢ (HeOAHOPOAHBIMU) MHOTOWIEHAMH OT OZHO ITepeMeHHOH, 3aZaloluMu KOHGUTypa-
MM To4ek Ha apUHHOM NpAMOH A,, MBI OyzileM Ha3bIBaTh TOYKU p,, € P, KOpHAMU OZHOPOAHOTO
MHOTO4Y/IeHa f OT IepeMeHHBIX X, X, . B 9ToM cMbIcie pasnoxeHue (1-6) aHaTOrMYHO Pa3iOKEHUIO
MHOT'OYWIEeHa OT OHOM IIepeMeHHON Ha JIMHEHbIe MHOXXUTEN, OTBEYAIOIIie KOPHAM. B yacTHOCTH,
YV OAHOPOJHOTO MHOTOWIEHA CTENeHH d OT BYX IepeMeHHbIX UMeeTcsI He 6osiee d pa3IUuYHbIX KOpP-
Hell Ha [P, a ecsn oste k anrebpandecKky 3aMKHYTO, TO TAaKOBBIX KODHEH, ¢ yIETOM KpaTHOCTeii>,
6yzeT poBHO d. TakuM 06pa3om, HaZil anrebpardyecKky 3aMKHYTHIM T10JieM K BCeBO3MOXKHBIE d-TOUed-
Hble KoOHQUrypalnuu Ha [P, B3alIMHO OZHO3HAYHO COOTBETCTBYIOT TOUKaM IIPOEKTUBHOTO IIPOCTPaH-
ctBalP,; = P(S ay, accolUupoBaHHOrO ¢ (d + 1)-MepHBIM BEKTOPHBIM IPOCTPAHCTBOM OJJHOPOJHBIX
MHOTOYJIEHOB CTeNeHu d OT X, X; .

Konduryparmu, B KOTOPHIX BCe d TOYEK CIUMAIOTCS B OZ/HY, 06pa3yroT anrebpandecKyto KpUBYIO
CigCP; =P ayy, KOTOpasi Ha3bIBaeTcs Kpusoil BepoHese cTerneHu d WM pAyUOHAILHOLL HOPMATb-
Holl Kpugoli d-Toti cTereHn. ITa KpUBas SBjsgeTcs 06pa3oM omobpaxceHus Beporese

Py =P (U%) 2% Py =P (S9U%) 1-7)

'Hazg m06BIM HOTEM
2Tloz KPaTHOCTBIO KOPHA P TIOHMMAETCA MaKCUMAasIbHasA CTelleHb IMHeHHOH dopMsl det(t, p), Ha KOTOPYIO
aenutcs f.
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TIepeBOJAIIETO 3aaM0NIYIO OfHY ToUKy p € P(U) muHeitHyo dopmy ¢ € U* B eé d-1o cremens ¢ €
€ S4U™), 3agaromyio d-kpaTHyio TouKy p. Eciu 3ammceBath dopMbl ¢ € U* u f € SH(U*) B Buze

d -
) =ayxg+a;x; u f(x)= Z a, <v> x3VxY
v

Y 1CII0/Ib30BaTh OTHOIIEeHUA Ko3bPuUIeHToB (a, @ a;) U (ay: a; : ... ! ag) B KadecTBe OJHOPOZ-

HBEIX KoopauHaT Ha P = P(U*) u P, =P ay *) COOTBETCTBEHHO, TO IIPHU HE JeIsAIeNcs Ha XapaK-

TepucTHKy nos Kk cTereny d KkpuBas BepoHese 3aluIIeTcA apaMeTPUIeCKUM ypaBHeHHeM

. C o . — (gl pd-1, . d-2.2. . d
(ag: a)—(ag: a,: ... ag)= (a'o tag ag i ap fag oL al) . (1-8)
Taxum obpasom, nipu char k + d xpuBas C; cOCTOUT U3 Bcex Touek (a, : a, : ... : ay) € Py, xoop-
JVHATH KOTOPBIX COCTaBJIAIOT FeOMEeTPHYECKYIO IPOTrPeccHio. JTO YCI0BYe PAaBHOCUIBLHO TOMY, YTO
a, a, 4, ... Qg_, Q4
rk< 0 1 2 d-2 d 1) =1 ,
a, a, az ... Qg_; Aag

Y1 MOXXeT OBITh BEIPYKEHO CHCTEMOH OHOPOJHBIX YpaBHEHUI BTOPOH CTelleH! — oOpallieHeM B HyJlb
Bcex 2 X 2-MMHOPOB 3Toi MaTpunsl. Hanpumep, kpusas C, C [P, o6pa3oBaHa BceMU KBa[paTHBIMU
TPEXWIEHAMH Ay Xg + 2, XX, + A, X5, KOTOPBIE ABJAIOTCA MOTHBIMY KBaZipaTaMu. OHa 3a1aéTcs U3-
BECTHBIM U3 IIKOJIbI yPaBHEHNEM

D/4 = —det <ZO Zl> =af—a0a2=0 (1-9)
1 @

U IOIIyCKaeT ceZiyiolllee TapaMeTpUyecKoe 3aJaHue:
— 2 _ _ 2
ap=a5, a;=aya,;, a,=aj. (1-10)
Iepeceyenue KprBo# (1-8) ¢ MpOM3BOIBLHOU I'MITEPILIOCKOCTHIO, 3aZIJaHHOM ypaBHEHUEM
Agag+Aja;+...+Aza, =0,

cocTouT U3 BepoHese-06pa3oB Tex Touek (@, : ;) € IP;, BKOTOPHIX oOpalaeTcs B Hy/Ib OHOPOZHBIH
muorowren Y, A, -a?Va! crenenu d. [TocKOIbKY TaKKX Touek He 6osee d, Hukakue d + 1 ToueK KpHy-
BOI1 BepoHe3e He jiexat B O4HO runepIuiockocTi. OTCIoAa BEITEKAET, YTO IIPH 2 < M < d HUKaKue
m + 1 Toyek kpuBoii C; He jiexkaT B oflHOM (m — 1)-MepHOM noAnpocTpaHcTBe. Haz anre6pandecku
3aMKHYTBIM IIOJIeM IlepecedeHre KpHUBOi C,; ¢ 060 IHIIePIIOCKOCTBIO COCTOUT B TOYHOCTH U3 d

TO‘{eK2 — MMEHHO IIO3TOMY MBI Y CKa3aJ/Iu BBIIIE, YTO CmeneHsb KpI/IBOI‘/)I Cd paBHa d.

TEOPEMA I.I
Haz anrebpanyecku 3aMKHYTHIM 110JieM K XapaKTepUCTHUKU HY/Ib BCSIKOe OMEKTUBHOE OTOOpaXkeHHe

¢ . P, \ {xoHeuHOe MHOXecTBO} => [P, \ {KOHeUHOe MHOMXKeCTBO} ,
KOTOpO€E MOXKET OBITh 33[aHO B HEKOTOPOI abbUHHOM KapTe ¢ KOOpAUHATOH t GopMyIoit
o) =g@®)/h®), rtme g,heKklt], (1-11)

ABJIAETCA OrpaHUIEHHEM HEKOTOpoil roMorpadun® P, = P, .

YEcnu d xpatHo p = chark, To dopmyna (1-8) mpeBpamaeTcs B (ap : a;) — (ag :0: ...:0: af).
2HekoTOpble U3 KOTOPHIX MOTYT COBIIAZATh PYT C IPYTOM.
3Cm.n°1.3.2HacTp. 9.
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JIOKABATELCTBO. [Tepexo/is K OAHOPOAHBIM KOOPAUHATAM (X © X, ), VI KOTOPBIX t = X,/X,, U MEHAA
pY HeOOXOAMMOCTH KOHEYHOE MHOKECTBO TOUEK HEOTIPEAETIEHHOCTH OTOOPXKEHUS (0, IEPEITHILEM
bopmyny (1-11) BBUAE @0 (X, X;) (f(xo,xl) : g(xo,xl)), rae f U g — B3aMMHO IIPOCThIE OZTHO-
POZHBIe MHOTOWIEHHI OT (X, X, ) OAUHaKOBOM cTeneHn deg f = degg = d. Touka ¥ = (9, : ¥;) € P,
HMeeT IMpU OTOGPaKEHUN (@ POBHO OJMH IPo06pas, ecid M TOJIBKO eCId OZHOPOAHBIM MHOTOWIEH
Oy - f(xg,%1) — Yy + g(xy,%,) UMeeT Ha P, POBHO ozMH KopeHb { = ¢~ *(9). Haa anre6paudecku
3aMKHYTBIM I10JIeM TaKoe BO3MOXXHO, TOJIBKO eC/IH 3TOT KOpPeHb d-KpaTHbIH, T. e.

9, - f(x) =0y - g(x) = det?(x, Q).

TTockoJIbKy anrebpandecku 3aMKHyTOe mosie k 6eCKoHEYHO, a 0ToOpaskeHHEe ¢ OGUEKTUBHO BHE KO-
HEYHOT'0 MHOXKECTBA TOYeK, npaAMasd (f g) B mpocTpaHcTBe Py 0HOPOAHBIX MHOTOWIEHOB CTENEeHH d
oT (x4, X, ) UMeeT 6eCKOHEYHO MHOTO TOYEeK IlepecedeHUs ¢ KpUBOIi BepoHese, 06pa3oBaHHOMH d-MU
CTeIeHsAMU JIMHEHHBIX JBYWIEHOB. Bhillle MBI BUZiesn, 4To IIpu d > 2 HUKaKKe TPYU TOYKU KPUBOH Cy
He JieXkaT Ha ogHoM npAMoi. [Tostomy d = 1 u ¢ € PGL, (k). (Il

1.5. IIpoekTHUBHBIE KBaJpUKHU. Bcrogy B aToM maparpade Mbl mpeamnonaraeM, uto char(k) # 2. ITpo-
eKTHMBHas TMIIepIIoBEPXHOCTh BTopoii crenenu Q = V(q) C P(V), ¢ € S?V*, HasbiBaeTcs npoekmus-
Hotl keadpuxoil. B ofHOPOAHEIX KOODAUHATAX X = (X, : X; . ... ! X,) KBaJpaTU4HbIA MHOTOYJIEH ¢
MOXKHO 3ammcaTh Kak

t
q(x) = Zaijxixj =x-A-x,
i.j
rae x = (Xg, Xy, ... , X,) — CTPOKA KOOPAMHAT, X — TPAHCIIOHUPOBAHHEIH it CTO/GEI] KOOPAKHAT, a
B . _ 1
A = (a;;) — cummempuuHas MaTPULA, KOTOPAsI IIPY i # j UMEET B KAYeCTBE d;; = A ; [IONIOBUHY KO-
sdduurentTa npu x;x ; B MHOroWwIeHe ¢ (x). ZIpyriMu c10BaMu, A1 TF060T0 0AHOPOAHOTO MHOTOWIEHA
q(x) BTOpOIA CTEIIEHH CYIIeCTBYET €JMHCTBEHHAA CUMMETPHYHAsA OvnnHelHasA opma § ©: VXV — Kk,
Takas 4To q(x) = §(x, x). OHa Ha3BIBAETCA NoAApU3ayUell KBAAPATUIHON GOPMEL g U BEIpAKAETCS Ue-
Pe3 g HECKOJIBKUMHY SKBUBAJIEHTHBIMU CIIOCO6aMU:

N 0
glx,y) = Z ajxyj=x-A-Yy= % Zyi % = %(q(x +y) —q(x)— q(y)) . (1-12)

ij i l

Marpuna A mpezcrasifer coboro mampuyy Ipama Gopmsl § B JBOHCTBEHHOM K x; 6asuce e; Ipo-
crpanctBa V, T.e. a;; = G(e;, e;). B mo6om apyrom Gasuce ey, €5 .-re}) = (€g,€q, ..., €y) - C HO-
Bad MaTpuria I'pama A’ BhIpakaeTca depe3 A 1O M3BECTHOM U3 Kypca THHEHHOM anre6pel Gopmyie
A’ =% - A - C.BuacTHOCTH, IpU JTHHEITHO} 3aMeHe KoopAMHAT onpedeaumens Ipama det A yMHO-
’KaeTca Ha HeHy1e8oil keadpam onpefennTens MaTpuLsl mepexoza: det(4’) = det(A) - det?(C). Takum
obpasom, Kiacc onpeaenuTess [pamMa Mo MOAY/II0 YMHOXKEHUS Ha HEHYJIeBble KBaZipaThl u3 moss Ik,
He 3aBUCHUT OT BbIOOpa 6a3uca U SBIsgeTcs MHBAPUAHTOM KBaZIpUKH IO OTHOIIEHUIO K TMHEWHBIM 3a-
MeHaM KoopAuHaT. Mbl 6yzleM Ha3bIBaTh 3TOT Kjacc onpedesumenem GopMel ¢ U o6o3HavaTh det(q).
Ecnu det g # 0, kBagpuka V(q) Has3bIBaeTCs HedblpodcOeHHOU (Win 21adkoii), B TPOTUBHOM CIydae —
8bLposcOeH ol (M 0cobotl).

! JIna sToro cymectBeHHO, uTo char(k) # 2.
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1.5.1. Koppensauus, siapo u paur. Co BCIKo¥ 6uwinHerHON Gpopmoit § Ha V cBsi3aH JTUHEHHBIH
onepamop koppeaauuu § : V — V*  nepeBogsiuii BekTop v € V B IMHENHYI0 GOPMY «CKaIAPHOrO
YMHOXXeHUA» Ha V:

qw): V-ok, we gw,v).

YMPAXKHEHUE 1.13. [IpOBepETE, 4TO MaTpHIlA OllepaTopa KOPPeJALiY, 3allicaHHasd B 1r000M Hasuce
npocTpaHcTBa V U IBocTBEHHOM K Hemy Gasuce B V™ coBmazaet ¢ maTpuiei ['pama KBagpaTid-
HOU ¢popMEI q B 3TOM 6azuce.

B yacTHOCTH, HEBBIPOXKIEHHOCTh KBaZpaTUIHON GOPMEI ¢ pABHOCWIBHA TOMY, YTO § U30MOPQU3M.
IIpocTpaHcTBO
kerg={veV]|VweV gw,v) =0}

HasbIBaeTcs 20poM KBaapaTuyHoi Gpopmel q. ITockonbKy dimker§ = dimV — rk A, paHr MmaTpuiist
I'pama He 3aBUCHUT OT BbIbopa 6a3uca. OH Ha3bIBaeTCA paH2oM KBAZIpUKU q. [IpoekTHUBU3anua Aapa
Sing Q € P(ker §) C P(V) Ha3BIBAETCA MHO#CECMBOM 0COBLIX MOUEK W 8ePULLHHBLM NPOCMPAHCMBOM
kBaZpuku Q. O6paTuTe BHUMaHUe, 4yTo Sing Q C Q.

TEOPEMA 1.2 (TEOPEMA JIATPAHKA)
s mo60# KBaZpUKY HaJl pou3BobHEIM osteM k xapakTtepuctrku char(kk) # 2 cymectsyeT 6asuc,
B KOTOpoM eé MaTpuna ['pama AraroHaabHa.

JokazatenbcTBo. MHAYKIA o dim V (mpu dim V' = 1 goka3eiBaTh Heuero). Ilockonbky q # 0, Haii-
nércst e € V, takoii uto q(e) = G(e, e) # 0. [IpumeM ero 3a repBbiii 6a3KMCHBIN BEKTOP U 0003HAYUM
yepes el = {ueV] §(u,e) =0} oproroHasbHOE OTHOCUTENIBHO GOPMBI § IOTIOTHEHVE K HATSIHY-
TOMY Ha e OJHOMepHOMY IoAnpocTpaHcTBY K - e. [TpocTpaHcTBO V AB/IAETCA OPTOTOHATBHOMN IIPSIMOM

cymmoni V = (k- e) @ eL, T.K. (k-e)n et =0 , 1 JII0001 BEKTOP v € V TipeicTaBiseTcs B BUe

_dw.e).
= Q(e,e) e+u

rmeu =v—e-qgw,e)/glee) € et (obazarenpHO yoeaurech B aToM!). Eciu q|,1 = 0, nckoMBblIiA
6a3rC COCTOUT U3 € U TPOU3BOJIbHBIX OA3HUCHBIX BEKTOPOB IPOCTPAHCTBA et. Eom qler # 0, To IO
WHIYKITUY B el ectp 6asuc €, ...,e,_; C AUaroHaJbHOH MaTpuueii I'pama. Torza maTpuna I'pama

6asucae, ey, ..., e,_; TOXe AUaroHaTIbHA. O

C/IEACTBME 1.2

Hap anre6pandecky 3aMKHYTHIM ITojleM Kk BeAKas KBaJpUKa 3afaéTcs B IOAXOAAMIUX OFHOPOAHBIX
KoopAuHaTax ypaBHEHUEM xé + xf + -+ xf_l = 0, rae r — paHr KBaJpukKu. B yacTHOCTH, ABE
KBa/IPUKU IIePEBOAATCS APYT B Ipyra IPOEKTUBHBIMU IIpe06pa3oBaHUAMY, €CIIH U TOIBKO €CIU OHU
HUMelOT OZIMHAKOBBIM paHT.

JIOKA3ATE/NLCTBO. HeHyneBble JuaroHaabHEIE 3J€MEHTE MaTpHUIEL I'paMa CTaHOBATCA eJUMHUIAMU
IpU 3aMeHe 0a3MCHBIX BEKTOPOB e; Ha e; /1/q(e;). g

[TPUMEP 1.6 (KBAZPUKHU HA IP,)
ITo Teop. 1.2 Besgkast kBagpaTudHas GopMa OT IBYX IIeEpeMeHHBIX B IIOAXOAsIIeM b6asrce 3aJaéTcs Jiv-
60 ypaBHeHUEM x(z, + axf = 0 ca # 0, 1160 ypaBHEHUEM xg = 0. B mepBoM ciry4dae olpeieIuTeNb
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I'pama det(q) ¢ TOYHOCTBIO IO YMHOXXEHUS HA KBaAPATHl paBeH a, U dopMa HEBBIPOXKAeHa. Bo BTO-
pom ciyuae det(q) = 0 u dopma BHIPOXk/IeHa. BRIpOK/IeHHAsA KBaJpHUKa Xo = 0 HasbiBaeTcs1 0601iHOIL
mouxkoil, TIOCKOJIbKY €€ ypaBHeHUe — 5TO KBaJpaT JUHelHoU GopMHI X, 3azaromieif Touky (0 : 1).
Heocobas kBaapuka x; + ax; = 0 1160 mycTa, 1160 COCTOUT U3 ABYX ToYeK. [lepBoe PABHOCUIBHO
TOMY, UTO —a He sIBJIAETCSI KBaZpaToM B kK, v Haf anrebpandecky 3aMKHYTHIM TI0JIEM HEBO3MOXKHO.
Ecmu ke —a = 82, 10 x3 + ax? = (x, — 6x,)(x, + 0x,) uMeeT Ha P, 1Ba pasHBIX KOPHA (+6 : 1).

TaxuMm o6pa3oM, CTpoeHYe KBaPUKY, 3alaBaeMoii Ha [P, IpON3BOILHOM HEHY/IEBOH KBaIpaTHy-
HO#t hopMoit q(x) = ayxs +2a, Xy X, + a,xZ, OTHOCTBIO OTIPeAEJIAETCA KIACCOM € OUCKPUMUHAHMA
D/4 £ —det(q) = af — a,a, N0 MOAY/I0 YMHOKEHHs Ha HEHyJIeBbIe KBA/IPATHL: €C/IA OH HY/IEBOIA, TO
KBaJIpyKa SBJISIeTCS ABOMHON TOUYKOMW, €CJIM OH eIMHUYHBIA — Napod PasIMYHbIX TOYEK, ECJIU OH He
KBaZpaT — KBaJipyKa ImycTa (4To 6bIBaeT TOMBKO HaJl HE3aMKHYTBIMU MTOJISIMU).

B kauecTBe CJIeICTBUSA MBI [TOJIy4aeM, UTO IS IepeceyeHus MPOU3BOIbHEIX KBaAPUKH Q U TIps-
Moii £ UMeeTca POBHO 4 B3aMMOUCKJIIOYaOIIie BO3MOXKHOCTU: Win ¥ C Q, wiu £ N  3To ofHa ABOM-
Has TOYKa, Wik £ N ) COCTOUT U3 2 Pa3IuYHBIX TOUeK, Wik £ N Q = @, IpudYéM HaJ anrebpandecKku
3aMKHYTBIM ITOCJIEZAHUH CIIydall HEBO3MOXKEH.

TEOPEMA 1.3

Tepeceyenue Q' = L N Q oco6oii kKBaapUKY Q ¢ TFOGBIM JOTOTHUTENBHBIM K Sing Q TPOeKTUBHBIM
nozmnpoctpadcTBoM L C P(V) mpezcTasiseT co60i HEBBIPOXKAEHHYIO KBaZIPUKY B L, M ICXOAHAA KBAJ-
puKa Q ABAeTCA AuHellHbiM coedunenuem’ Q' u Sing Q.

JlokA3ATENBLCTBO. [TycTh K = ker g u L = P(U). Torga V = U @ K. Eciu BekTop u € U eXKUT B sAzpe
orpanudenus G|y, To q(u,u’) = 0 ansa Becex u’ € U. 3anuchiBas NPOU3BOMBHEIN BEKTOP U € V Kak
v=u'+u" cu’ e Unu” € K, nonysaem §(u,v) = Gu,u”)+ G(u,u’) = 0 ana Bcex v € V, oTkyzna
u € U nker§ = 0. Takum 06pa3oM, orpaHIYeHNe (| ;; HeBBIPOXKIEHO.

Eciu mpsaiMast £ mpoxXoAUT dyepe3 TOUKY p € Sing Q U He JIEXKUT Ha KBaJ[pyKe @, TO orpaHu4YeHue
bopmHl q Ha ¢ ABJIAETCA HEHYIEBOU 0c000i KBaApaTHYHON GOpMoOi, a 3HaYUT, Q N £ — 3TO ABOH-
Has TouKa p. TeM caMbIM, KaXKJasl IpsMasi, lepecekaroinas Sing Q, 1160 IeTUKOM JIEXUT Ha Q, Tu6o
6oJIbIlle HUT/IE He IlepeceKaeT KBaJpUKY. ]

1.5.2. KacaTesbHoe npocTpaHcTBo. [Ipamas £, mpoxozdaiasn yepe3 TOUKy p € (), HaspIBaeTcA
KacamenwbHoll K KBagpuKe Q B Touke p € £ N Q, ecmu £ C Q wiu £ N Q aT0 ABOMHAA Touka p. O6b-
eZIMHEHNE BCEX MPSAMBIX, Kacaroluxcs B TOUKe p, HA3bIBAETCA KACAMEIbHbIM NPOCMPAHCMBOM K
KBaZipuke B TouKe p € Q ¥ 0603HAYAETCS TpQ.

JIEMMA 1.3
[Tpssmas ¥ = (ab) kacaetcs kBazpuku Q = V(q) B Touke a € Q, eciu ¥ TOBKO eciu §(a, b) = 0.

JOKA3ATEIbCTBO. OrpaHndeHue GOpMHI g Ha IpsAMylo £ UMeeT B 6asuce a, b matpuity ['pama

< 0 Q(a,b)>
g,a) qb,b))"’

KOTOpasi UMeeT HYJIEBOU OTIpeJIeIUTeNb, ECJIU U TONbKO ecnu §(a, b) = G(b,a) = 0. 0

IT. e. 06beAMHEHNEM BCeX PAMBIX, IepeceKarolux Kak Q' , Tak u Sing Q.
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C/IEZCTBME 1.3
Bugumbiii 13 TOUKu b & Q KOHTyp1 KBaZIpUKU () BbICEKAeTCs U3 Heé rUIepIUIOCKOCTHIO

Anng(b) = {x| g(b,x) = 0} .

JlokAa3AaTENLCTBO. [Tockonbky G(b, b) = q(b) # 0, muueitnasa ¢opma G(b) : x — §(b, x) HeHyIeBas U
3aZaéT rUIepIUIOCKOCTb. O

C/IEZCTBME 1.4
Crnenyromue ycroBus Ha Touky a € Q C (/) skBuBasleHTHI APYT APYTY:
1) p € Sing Q 2) T,Q = P(V) aTO BCE mpOCTpPaHCTBO 3) g_q (p) = 0 gyna Beex i.

i

CJIEACTBME 1.5
Eciu Touka p € Q Heocoba, TO T,Q = {x € P | §(p,x) = 0} siBIsAETCSA IMIEPILIOCKOCTHIO KOPa3-
MepHoOCTH 1. O

1.5.3. Konuku. Kpusble BTopoli creneHu Ha P, = IP(V) Ha3bIBalOTCA NPOeKMUBHbIMU KOHUKAMU.
OHU ABJIAIOTCA TOYKaMU IATHMEPHOr0 IPOEKTUBHOIO IpocTpaHcTBa Py = P(S 2y*). Hag anre6pau-
YeCKHU 3aMKHYTBIM IT0JIeM UMEIOTCA POBHO TPU IPOEKTHUBHO HEOKBUBAJICHTHBIX KOHUKU:

* Ogoiinasa npamas x; = 0 uMeeT paHr 1, U Bee eé TOUKU 0COGHI

* pacnaswasca konuka xa + x2 = 0 ©MeeT paHr 2 U ABNAETCA 06beIUHEHUEM /IBYX Pa3TMYHBIX

OpAMBIX X, = =1/ —1 - x;, Touka nepecedyeHus KoToprix (0 : 0 : 1) ABnAeTcA eJUHCTBEHHOU
0Cc000¥ TOYKOI paclaBIleics KOHUKU

* 2nadkas KoHuka xg + x7 + x3 = 0 IMeeT MaKCUMAaJIbHBIA PaHT 3

4To corJIacyeTc;[2 cteop. 1.3.

Hag npounssonbubiM noseM k ¢ char(k) # 2 kaxxzan Henycras miagkas Kouvka C C P, gomyckaeT
KBaJpaTUYHYIO PAUUOHANbHYI0 NApamempusayui, T. e. orobpaxkenue ¢ : P, = P, 3agaBaeMoe B
OZHOPOZHBIX KOOPANHATAX TPOUKOM B3aWMHO IIPOCTHIX OZHOPOAHBIX MHOT'OWIEHOB BTOPOU CTENeHU
p(ty, ty) = ((po(to, ty) et ty) 1 @yt tl)) € P, u bueKTUBHO oTObOpaxaromiee npaMyio Py
Ha KoHMKY C C P,. Takas nmapameTpusanus 3asaércs npoeknueid p : € = £ xkoHuku C n3 10601
eé Touku p € C Ha M06YI0 He IPOXOJALIYIO Yepes p npsAMyo £. B caMoM Jese, KaxkAas OTINYHAA OT
KacaTe/bHOM npsimoi T, C mpamast (px) ¢ x € £ mepecekaeT KOHUKY C 110 ABYM Pas/INIHBIM TOYKaM:
TOYKE P U ellé OJHOH TOUKe p’ (x) € C, ogHOpOAHBIE KOOPAWHATHI KOTOPOH (4, : A,) B 6a3uce p, x Ha
npsAMoH (px) ZOCTaBIAIOT OT/INYHBIN OT p = (1 : 0) KOpeHb ypaBHEHU

q(p.r) q(p,x) Ao\ _ . S22 =
(A9, 44) - (q(x,p) q(x,x)) : (/11) =0 = 2q(@. %) -4 +qx,x)- 11 =0,

paBHBI (1, : 4,) = (q(x, x) . —Zq(p,x)). OTobparkeHue

£3x+-qx,x) -p—2q{p,x)-xeCCP, (1-13)

ITMT kacaHusA ¢ KBaZpUKOii Q BCEBO3MOXKXHBIX KACATEIbHbIX, ONYIICHHbIX Ha Heé M3 TOUKHU b.

2pacnaBmascs KOHUKA AB/IATCA TUHEHHEIM COeITHeHHeM 0co60i TOUKY U IMIaZIKOl KBaPHUKU — IIAPHI Pas-
JIMYHBIX TOUEK — Ha JI060¥ MpsAMO#i, He IPOXoAlIeil Yepe3 0cobyro TOUKy. /IBoMiHasA mpsMast 3TO JIUHEHHOoe
coeZIMHEHMe NPAMOU 0COOBIX TOUEK U IyCTOTO0 MHOXXECTBA — IVIaAKOM KBaZpUKY Ha IP,.
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U 3aa€T HWCKOMYIO KBaJpaTUIHYIO ITapaMeTpHu3alio KOHUKA C Toukamu x € .

YIIPAXXHEHUE 1.14. Y6e,ZlI/ITer, qToO BCe TpI/I O,Z[HOpOZLHbIX KOOp,Z[I/IHaTbI TOYKHN
q(x,x)-p—2q(p.x)-x €P,

ABJAIOTCA OZHOPOAHBIMU IOJIMHOMAaMMU CTeIIeHU 2 OT OAHOPOJHBIX KOOpAUHAT (t, @ t;) TOUYKH
X € ¢ OTHOCUTENHHO MPOU3BOJIBHOrO 6a3uca Ha mpsaMoii £, u uro ¢opmysna (1-13) KOppeKTHO
comocTasiiseT Touke X = T,C N £ Touky p € C.

VIPAXKHEHUE 1.15. Y6€IUTeCh, 4TO MPOEKIUs KOHUKY Beponese a,a, — a3 = Ousztouku (1 : 1 : 1)
Ha pAMYIo @, = 0, IePeBOAUT TOUKY (a5 © @y : @2) BTOUKy (@, : 0 : @;).

[IPEJIOXKEHME 1.2
[mazxaa KOHMKa IepeceKaeT IIPOM3BOJIbHYIO KPUBYIO, 3aZlaHHyI0 Ha [P, OZHOPOAHBEIM ypaBHEHHEM
creneHu d, He bosee, yeM 10 2d TOYKaM, JTMOO IIETUKOM COAEPKUTCA B 3TON KPUBOM.

JIOKA3ATE/ILCTBO. 3arapaMeTpu3yeM KOHUKY OZHOPOAHBIMU [TOJIMHOMaMU CTelleH!U 2 OT lapaMeTpa
t =(t, : t;) € P,. 3HaueHu t, Ipy KOTOPBIX KOHUKA IlepecekaeT KPUBYIO C ypaBHeHUeM f(x) = 0,
ABJIAIOTCSA KOPHAMHU OZHOPOJHOTO YpaBHeHUA f (q(t)) = 0, JIeBas 4aCTh KOTOPOT'O JINOO TOXKAECTBEH-
HO paBHa HYJIIO, INOO UMeET CcTeleHb 2d. B mepBoM cirydae BCs KOHUKA COEPIKUTCA B KPUBOM, BO
BTOPOM CJTy4yae uMmeetcs He 6osiee 2d pa3TuIHBIX KOPHEH. Il

[IPEJIOXKEHMYE 1.3
Kaxzgere 5 Touek B [P, iexxaT Ha HEKOTOPOI KOHMKe. Ec/ii HuKakue 4 U3 IIATU TOUeK He KOJUIMHeapHHI,
TO TakasA KOHMKa eIMHCTBEHHA, a eCIM HUKakre 3 He KOJUIMHeapHBHI, TO OHA elll€ 1 HeBBIPOXKeHa.

JIOKA3ATENLCTBO. [Tpu duKkcupoBaHHOM p € V ypaBHeHHe q(p) = 0 muHeitHO 10 ¢ € S*V*. [ToaToMy
KOHUKH, IIpoxogsAmue yepe3 p € P, = P(V) obpasytor runepiockocts B P, = P(S 2y*). IocKob-
Ky nmo6sle 5 runepIuiockocTeil B P NMeIOT HellycToe IiepecedeHre, TpebyeMas KOHUKA CYIeCTBYeT.
Ecu kakve-TO TP U3 TOYEK KOJUTMHEeAPHBI, a HUKaKue YeThIpe — HeT, KOHUKA COAEPXKUT IPSIMYIO,
TIPOXOZISAIIYIO Yepe3 TPU KOJUTHHEAPHBIE TOYKHU, U CTaNIO0 OBITh, paciaZiaeTcs B 00beJUHEHNE STOM MPsi-
MOU M NIPAMOMH, IPOXO/ALIel Yepes iBe OCTaBIIMeCs TOYKHU. TeM caMbIM, Takasi KOHUKA eZIJMHCTBEHHA.
Ecsu HUKaKye TPU U3 TOYEK He KOJUIMHEapHBI, TI06as MpoXoAsias yepe3 HUX KOHUKa aBTOMaTH4e-
CKU Heoco0a, ¥ 3HaUMT, eJUHCTBEHHA 110 Tpet. 1.2. O

CIEICTBUE 1.6
JIro6bie 5 nmpsaMeIX Ha [P,, HUKakWe 3 M3 KOTOPHIX He KOHKYPEHTHBI KAaCAIOTCs eIMHCTBEHHO HEBHI-
POXXEeHHON KOHUKU.

JIOKA3ATE/ILCTBO. DTO YTBEPXK/JEHUE TIPOEKTUBHO ABONCTBEHHO TpeAbIAyIIEMy: 5 Touek Ha Py =
= P(V"), sBOVCTBEHHbIE K JAHHBIM IITH IPAMEIM Ha P, = P(V), 1exar Ha eJMHCTBEHHOM ITIaZKOM
xoHuke C* C IP¥, u nBoiicTBeHHas eit kKoruka' C C P, ecTh e[MHCTBEHHAS [Ia/IKasd KOHKMKA, Kacaro-
IIAsICSA TISATU JAHHBIX IIPSAMBIX. O

T, e. koHUKa, o6pa3oBaHHas KacaTelbHbIMU K KOHUKe C*, cM. ¢1. 1.7 Ha cTp. 22 HIKe.
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1.5.4. KBagparudnsle nosepxHoctd B P; = P(V) o6pasyroT NpoeKTUBHOE IIPOCTPAHCTBO
Py = P(S*V¥).

[Moatomy m066le 9 Touek B [P, sexaT Ha HEKOTOPOI KBaJpHKe. B yacTHOCTH, M0ObIe TPU IPsAMBIE B
[P, nexaT Ha HEKOTOPOH KBaJpuKe — JAOCTATOYHO B3ATh 110 3 TOUYKH Ha KaXK/J0l IIPAMOI U IIPOBECTH
KBaJIpUKY yepe3 3TH 9 Touek.

YIPAXKHEHME 1.16. [TokaxxuTe, 4TO BEIpOXKJeHHas kBaApuka B P, (Haz MpOM3BOJIBHBIM II0JIEM) He
MOJKET COZIEPYKATh TPEX MOTIAPHO HellepeCeKAIOIIUXCS MPIMBIX.

Takum o6pasoM, J06ble TPH MONAPHO CKPEIUBAIoIIMecs IpsAMble B IP; exaT Ha IaZkol KBazpu-
Ke. Y/100HOll TeoMeTpUYecKoi MOZie/Ibio TaKol KBaJpUKU sABAeTcA keadpuka Cezpe, COCTOALIAA U3
HeHyJeBbIX MaTpull paira 1 8 P, = P (Matzxz(k)):

2 { () pofaa( ) e -a =0} a1s

O10 011 O10 U1

YIIPAXKHEHMUE 1.17. Y6euTech, YTO BCIKUI HEHY/IEBOU JIMHeNHIH oniepaTop F @ U — V paHra ogux
umeeT BUAV @ & : u > v - (&, u) i1 HEKOTOPHIX HeHy/IeBbIX v € V, & € U™, onpezensieMbIx
II0 ollepaTopy OZHO3HAYHO C TOYHOCTBIO A0 IPONIOPLIHOHATBHOCTHI

B curyanuuy, korga U = V = k?, a v u £ UMeIOT B CTAaHAAPTHEIX IBOMCTBEHHBIX 6a31cax MPOCTPAHCTB
*
k* n k*" koopauHaTh v = (x, : x;)ué = (§, : ), MaTpuna oneparopa v ® & UMeeT BUA

x _($oxo &1x
() a= (0 &)

Comocrassas mape Touek (§,v) € P x P, = P(k®") x P(k?) ogHOMepHOe MOAIPOCTPAHCTBO B
Hom(k?, k?), mopoxkaéHHoe onepatopoM v @ & ¢ MaTputieit (1-15), MbI HoTydaeM esovxcerue Cezpe

s PXxP, < P, =]P’<End(]k2)>,

GrexTuBHO oToGpakaromee P; X P, Ha kBagpuky Cerpe Q, C P,. IIpu aTOM /iBa ceMeiicTBa KOOp-
AWUHATHBIX IIPAMBIX Ha P} X [P, [epexoAaT B ABa ceMelcTBa IPAMBIX Ha Q. A IMEHHO, KOOPAMHAT-
Haq npsaMas ¢ = const u3o6pa3utcs Ha kBaZpuke Cerpe MpoeKTUBU3AIMEH AByMEPHOT'O IPOCTPaH-
cTBa MaTpul paHra 1 ¢ pukcrpoBaHHBIM oTHoIIeHUeM ¢ = (&, : &) Mexay cTronbuamu, a npsamas
v = const— MaTpULlaMU ¢ QUKCUPOBAHHBIM OTHOLIEHUEM X = (X, @ X;) MeXJy CTPOKaMHU. B kaskom
13 3TUX CeEMeNCTB Bce MpAMBIEe IIOMAapHO CKPELIBAOTCA, a II0ObIe Be IPAMEBIE U3 Pa3HBIX CEMeNCTB
nepecekaroTcs, IPUIEM Kaxkasd TouKa Qg ABJAETCA TOUKOM NepecedyeHus Maphl IPAMbIX U3 pa3/ind-
HBIX CEMEeCTB.

YIIPAXKHEHHUE 1.18. Y6eauTech, YTO HUKAKUX APYTUX IIPSMBIX Ha KBagpuKe Cerpe HeT.

[IPEAJIOXKEHME 1.4

Yepes r06ble TPU NONAPHO Hellepecekarolecs IpsAMble B P, IpoxoAUT equHCTBeHHaA (UM aBTOMa-
TUYECKH Heocobasi) KBaZpuKa. DTa KBaJipyUKa IIpeCcTaB/sieT o000 00beHEHHE BCEX IIPSIMBIX, ITe-
peceKarIuX Bce TPU 3a/JlaHHbIX.
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JOKA3ATE/BLCTBO. Besikast KBagpurka, IPOXOAAIIAs Yepe3 TPU CKPEIIUBAIOUINXCS MPAMBIE, SB/IAETCS
Heocob0# KkBagpuKoi Cerpe, 3aMeTaeMoH JAByMs cEMENCTBaMU PSAMOIMHENHEIX 0Opasyromux. Bee
TPU 3aJjaHHbIe IpsIMble JODKHBI Ie)XXaTh B 0ZHOM U3 HUX. Ho Torza mo6as mpsMas u3 Apyroro ce-
MeHCTBa epeceKaroT KaX/AyIo U3 HUX, U HA000pOT, BCsKasA IpsAMas IepeceKaronas KOKAYIo U3 HUX,
JIEXUT Ha KBaZpuKe (M60 mepeceKaeT eé 10 TPEM TOYKaM), IPUYEM B IPYTOM II0 OTHOLIEHUIO K TPEM
3aZlaHHBIM NIPSAMBIM ceMelcTBe. (Il

1.5.5. IMoasapHoe mpeobpasosanue. Koppensaius § : V = V* | acconuupoBaHHast ¢ HEBBIPOXK-
JIEHHOU KBaZIpaTUYHOU GOPMOU q, MHAYLIUPYeT JIUHENHBIN TPOeKTUBHBIN n30MOpdr3M

7 : P(V) > P(V*)

KOTOPHIH Ha3bIBAETCA NOAPHLIM Npeodpasosanuem WIN noaspumemom KBagpuku Q. Ilonsapurer ne-
peBoauT TOuKy p € P, B runepiiockocTs L C P, 3agaHHyto ypaBHeHUeM G(p,x) = 0. Touka p u
TUIIepPIUIOCKOCTh L B 3TOM ciIyyae Has3bIBAIOTCH NONOCOM U NOAAPOL APYT Apyra OTHOCUTENBHO KBaJ-
puku Q. ITosnApa Touky, He jexaleil Ha KBaZpyUKe, 3TO TUIePIUIOCKOCTh, BhICEKAoIas BUANMBIN 13
3TOM TOUKM KOHTYP KBaJIpUKH, a II0JIApa TOUKHY, Jexallel Ha KBaJpUKe, — 3TO I'MIIepIUIOCKOCTD, Ka-
caromascsa KBaJ[puKY B 3TOH Touke. TakuM 00pa3oM, BCAKYIO KBaIPUKY () MOXKHO OXapaKTEPU30BaTh
kak ['MT, nexxamux Ha CBOUX IOJIApax.

[TockonbKy ycnoBue G(a,b) = 0 cUMMeTPUYHO IO @ U b, TOUKa a JIeXXUT Ha TOJsApe TOYKU b,
€CJIM U TOJIBKO eC/IM TOYKa b JIeXKUT Ha MoJsApe TOUYKU a. Takue TOUYKYU HasbIBAIOTCA CONPANEHHBIMU
OTHOCUTEIbHO KBaJPUKHU Q.

[IPEJIOXKEHMYE 1.5
[Iycts a, b & Q u nipamas (ab) mepecekaeT Q B IByX Pa3JIUYHBIX TOYKaX C, d. TOUKU a, b CONpPsUKEHBI
OTHOCUTEIbHO KBaJpUKU @, eCcIv U TOIBKO eC/IU ABOMHOe OTHOIIeHue [a, b, ¢, d] = —1.

JIOKA3ATE/IbCTBO. OrpaHuveHre KBaZipuku Q Ha npsaMyo (cd) 3aaéTcs B OTHOPOAHBIX KOOPAUHATAX
(xo : x,) oTHocHUTeNbHO 6asuca ¢, d KBagpaTudHoil opmoii q(x) = det(x, ¢) - det(x, d), monapusa-
1

IIUA KOTOPOU ecThb §(x,y) = 3 (det(x, c) - det(y, d) + det(y, c) - det(x, d)). YcoBue CONpXEHHOCTU

d(a, b) = 0 o3nauaer, uto det(a, c) - det(b, d) = —det(b, c¢) - det(a, d) wiu [a, b, c,d] = —1. O

[TPEAJ/IOXKEHUE 1.6

Jna Heocobo¥ KBaApUKY G ¥ IPOU3BOJIBHOM KBaZpUKYU ( B P, I'MIEpIUIOCKOCTH, NOJIAPHBIE OTHO-
CUTEIbHO KBaIpUKHU G ToukaM p € (, 06pasyioT B IBOHCTBEHHOM IMPOEKTUBHOM ITPOCTPAHCTBE IP’f1
KBa/I[pUKy B Qé TOrO XK€ paHra, 4yTo u kBazpuka Q. Eciu Q u G uMeloT B HEeKOTOPHIX OJHOPOJHBIX KO-
opauHarax Ha IP,, marpuipi I'pama A u I' COOTBETCTBEHHO, TO KBaZIPUKA Q MMEET B IBOUCTBEHHBIX
OZHOPOJHBIX KOOpJAVHATaX Ha [P’ﬁ marpuny I’ “tart,

JlOKA3ATENBCTBO. [Tonapurer g @ P, = [P’;‘l IMagkoy kBaZpuku G C P, mepeBoauT To4ky us IP,, co
CTOJIGLIOM KOODAMHAT X B TOUKY ABONCTBEHHOTO IPOCTpaHcTBa P} o CTPOKOM KOOpAUHAT § = xtr'm
ABJISIETCSA IPOEKTUBHBIM M30MOpdH3MoM. TakuM 06pa3oM, NOJIApHAs TOUKe X € (Q TUIIePIUIOCKOCTD
¢ yIOBIeTBOPAET YPaBHEHHIO, KOTOPOE IoTydaeTcd U3 ypaBHeHua x' - A - x = 0 xBagpuku Q mozcTa-
HOBKOH x = '™ 1¢%, T. e. ypaBHenuto & - *Ar™1 . 6 = 0. O

CHE/ZCTBUYE 1.7
KacaTesbHBIe IPOCTPAHCTBA [IaZKoM kBaApuku Q C P, o6pasyior B P maakyro kBagpuky Q™. Mar-
puusl 'pama kBazipuk Q u Q™ B ABOCTBeHHBIX 6a3ucax mpocTpaHcTs P, u P) 06paTHbL APYT APYTY.
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JIOKA3ATE/BCTBO. T1010K¥MM B TIpe/ipiAyIieii Teopeme G = Q u I’ = A, v 3aMeTUM, ITO THUIIEPILIOCKO-
CTH, TIOJIIPHBIE TOYKAM P € (Q OTHOCHTENIBHO CaMOl jKe KBaJ[pUKH @, 3TO B TOYHOCTH KacaTelbHbIe
npocrpascrsa T, Q. U

1.6. Tlyuku KBaZIpuK B 3TOM paszesie MbI [0 YMOJYAHUIO CYMTAaEM, YTO OCHOBHOe mojie Kk anre6-
pandecku 3aMKHyTO 1 chark # 2. HamoMHIio!, uTo mpsMsle B mpocTpaHcTBe KBagpuk P(S2V*) na
P,, = P(V) naswBaroTca nyukamu keadpuk. Takoi mydok (Q,Q,) C P(S 2V*) omHO3HAYHO 337a6T-
¢ m060¥ apoil pasjINYHBIX JIEeKAIUX B HEM kBagpuk Q, = V(q,), @, = V(q,) ¥ cocTouT n3 Bcex
KBa[pUK BHUa

Q1 =V(4eqo + 41q,) = {v € P(V) | 49q,(v) + 4,q,(v) = 0},

(1-16)
el = (4, : 4,) € P, = P(k?).

I[TepeceyeHue 6a3UCHBIX KBaJpUK B = Q, N Q, Ha3bIBaeTCA 6A3UCHbIM MHOJNCECMBOM ITydKa. [TOCKOIb-
Ky KakJasa kBagpuka u3 nydka (1-16) mpoxogauTt yepes B, 6a3rcHOe MHOXECTBO SIBJISIETCSA TIepeceye-
HUeM BceX KBaZIPUK ITydKa U He 3aBHCUT OT BbIOOpa 0a3UCHBIX KBaJApPUK Q,, @, Ha npamoi (Q,Q,).
MHorouieH

def

X(goay(tos t1) = det(toqo + t1qy) € Klt, t] (1-17)

Ha3bIBAeTCs XApaKkmepucmuueckum mHozowieHom mydka (1-16). DTo oZHOPOAHBIM MHOTOWIEH CTe-
meau n + lort = (t,: t;). B omMune oT 6a3ucHOrO MHOXECTBA, XapaKTepUCTUYECKUH MHOTO-
wieH (1-17) 3asucum oT BeI6opa 6a3UCHBIX KBaAPHK Q,, @, ¥ fake UX ypaBHeHUH q,, q,. [Ipu nepe-
XO7le K IPyTUM /IByM 0a3UCHBIM KBaZIpUKaM B TOM XK€ CAaMOM IIyYKe WM YMHOXXEHUU UX YPaBHEHUI
Ha KOHCTaHTHI IlepeMeHHEIe (t, : t;) HogBepraioTcsa o6paTUMOMy JIMHeHOMY IIpeobpasoBaHuIo. ITo-
aTOMY anrebpanyecKuM UHBAPHUAHTOM ITy4YKa sABAAETCA He caM MHorowieH (1-17), a TObKO ero Kiacc
10 MOZYJTI0 06paTUMOM JTMHEHOM 3aMeHbI TepEMEHHBIX.

1.6.1. HeBbIpOXX/IeHHBIE ITyYKH. [Iy40K KBa[PUK HA3bIBAETCS HEBbIPONCOEHHBIM, ECTT B HEM €CTh
XOTA OBl OZIHA TVIaAKas KBaJpuKa. DTO O3HAYAET, YTO XapaKTepUCTUIeCKUi MHOTOowIeH (1-17) omin-
4yeH OT HyJIA XOTs 6Bl B 0ZIHOM Touke Ha [P, U, B 4aCTHOCTH, ABJAETCA HEHY/lIeBbIM MHOTrowIeHoM. [To-
3TOMY B HeBBIPOXKZIEHHOM ITyUKe KBaZIpUk Ha IP,, MoxkeT ObITh He 60s1ee n+1 0coObIX KBaAPUK, IPUIEM
BEPIUIVHHBIE TOJIIPOCTPAHCTBA HUKAKUX /IBYX U3 HUX He TIEPECEKAIOTCS, TAK BEKTOP, JIEXKAIIIHH B AZpe
cpasy ABYX KoppesAaluil q,, 4,, 1eXUT B AApe U 10601 ux tuHelHoM KoMOUHAIMU A4 §, + 4,4, 9TO
0O3Ha4YaeT BHIPOXK/IEHHOCTD CPa3y BceX KBA/IPUK ITydKa.

MHOKeCcTBO BBIPOXK/J€HHBIX KBaIpUK B HEBBIPOXKJEHHOM ITyuke (1-16) Ha3bIBAIOT CneKmpom 3TO-
ro rmyuka. KsagpaTtudnsie GopMsl A,q,+1, q,, 3aar01vie KBaAPUKY U3 CIIEKTPa, OMeKTUBHO COOTBET-
CTBYIOT KOPHAM A = (4, : A,) XxapakTepuctudyeckoro MHorowieHa (1-17). Byzem HassIBaTh kpamHo-
cmoio mult Q; BEIPOXKAEHHOH KBaZIPUKY (;, OTBevarollei KOPHIO A XapaKTepUCTHIeCKOIo MHOTOWIe-
Ha (1-17), KpaTHOCTh 3TOT0 KOpHA — MakcuMasibHoe k € N, Takoe yTo MHorowieH (1-17) genurca
B Kosblle MHorodwieHoB K|t , t;] Ha detk(l, t) = (A, — llto)k . KpaTHoCTH BCex mIafKux KBaJpUK
MyJKa 0 OIpe/IeSIEHUIO TIOJIOKUM paBHBIMU Hyimo. Haz anrebpandeckut 3aMKHYTHIM TIOJIEM CIIEKTP
HEBBIPOXK/JIEHHOTO IIyYKa KBaJpUK Ha P, cCOCTOMT POBHO U3 1 + 1 KBaZIpUK € y4ETOM MX KpPaTHOCTEH.
PaccmaTprBaeMBbIi KaKk HEYIIOPAZAOYEeHHBIH Habop 13 n + 1 He 06:A3aTeIbHO pa3INYHBIX TOYEK Ha Py
€ TOYHOCTBIO 710 IPOOHO MHelHoro aBToMopdu3ma [P, , oH He 3aBUCHUT OT BEIOOpa 6asuca B IIydKe.

JIEMMA 1.4
KparHocTh mult S kaxkz011 0cob0i KBaZPUKYU S 13 HEBBHIPOXKAEHHOT'O ITyYKa CTPOro 6oJIblile pa3Mep-
Hoctu dim Sing S mpocTpaHCcTBa €€ 0COOBIX TOYEK.

1Cm. n° 1.4.4 Ha cTp. 13.
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JIOKABATELCTBO. [IycTh kBagpuka G C IP,, Heocoba, a kBaApuka S C IP,, umeer dim Sing S = k. 310
o3HauaeT, 4yTo eé marpuna I'pama umeer tkS = (n + 1) — (k + 1) = n — k, 1 Bce MUHOpHI IIOPsAKA
n — k + 1 u Belllle B Hell — HyJeBbIe.

YIPAXKHEHME I1.19. BeIBeiuTe U3 5TOr0, 4TO XapaKTepucTUdecKuit MHorowneH det(t,S + t, G) Aenut-

caHa thtt,

Takum 06pa3oM KpaTHOCT 3azatommeit S rouku t = (1: 0) € P, He meHee k + 1. [l

1.6.2. HeBbIpOXK/leHHbIEe ITyYKH KOHUK. Haj anre6pandecky 3aMKHYTHIM 1tosieM k HeBBIpOX-
JeHHBIH ITydok KoHUK Ha P, = P(V) comepxkut 1, 2 wiu 3 pasnuyHbIX 0COOBIX KOHUKY, a ero 6asucHoe
MHOKECTBO COCTOMUT 13 1, 2, 3 wiu 4 pa3nu4HbIX Touek. Eciu B myuke ecTh ABOMHasA NpsAMasd, TO Bce
ero 6asucHBIe TOUKM JIeXKaT Ha 3Tol npsAMoil. Eciu B Iydke ecTh pacmasliascs KoHUKa £, U £,, TO
Bce 06a3uCHBIE TOYKH TAKOr'O ITydKa JIeKaT Ha Hel TaK, 9TO Ha KaXXJ0H U3 IPAMBIX £, , £, €CTb X0TA OB
opHa 6a3ucHas TouKa, 160 Tr0bas IagKas KOHUKA MyYKa IepeceKaeT KaXXAYIO U3 BYX IPSMBIX.

[TPUMEP 1.7 (IIYYOK C O/IHOI BASMICHOI TOUYKOIA)

Ecsit 6a31cHOE MHOXKECTBO ITy4Ka COCTOUT U3 eIMHCTBEHHOM TOUKHU P, 0COO0H KOHUKOH B HEM MOXKeT
OBITH JIUIIB IBOITHAS MIpsAMasi, Kacaromrascs oot agKoi KOHUKY MyYKa B Touke p. Hao6opor, yto-
6as miaZKas KoHWKa C ¥ Kacalolascsa eé B IPOMU3BOJbHOM Touke p € C ABOMHas mpsimas € 3aJatoT
PETY/ISIPHBIH ITYYOK KOHUK C €IMHCTBEHHOM 6a3CHOM TOYKOH p, ¥ e IMHCTBEHHOM 0C060% KOHUKOM —
ZIBOMHOM mipsiMoit €. Bce mIazikve KOHUKY 3TOTO ITyYKa IEPECEKAIOTCSA APYT C APYTrOM I10 eAMHCTBEH-
HOU TOYKe p U UMEIOT B Hell 06I1IyIo KacaTelbHyo cM. puc. 1¢10.

D2

7 S=£,U"%, /D1 £,

. . . Puc. 1011. IIy4ok ¢ AByMsI OA3UCHBIMU
Puc. 1010. [Ty4oK ¢ ofiHOM 6231 CHOM TOUYKOM i ABY

(a=b=c=d=p). TquaMHp1=a=b=C,p2=dPIO,Z[H0ﬁ

BBIPOXK/IEHHOM KOHUKOM S.

[TPUMEP 1.8 (IIYYKU C IBYMSA BA3HICHBIMU TOYKAMU)
Ecnu 6asucHOe MHOXXECTBO ITy4YKa COCTOUT M3 AIBYX TOYEK Py, Py, TO BEIPOXKJIEHHBIMU KOHUKAaMH B
HEM MOTYT OBITh TOJIBKO ABOMHAsA npsaMad ¥ = (p,p,) WIN Takas pacnasmascsa KoHuka £, U £,, 4To
p; € £, p, € ¥,. BTopoii ciydail paszensercs Ha ABa MOACTyYast: 1160 06e TOYKU P, P, OTIHNIHEL
or £, N{,, kak Ha puc. 1012, 1ubo p, =¥, N¥,,ap, € £, \{,, kak Ha puc. 1011.

Eciim mMeeT MecTo IocIeiHee, TO paciaBIIancsa KOHUKA £, N £, SBIAeTC eJUHCTBEHHOH 0co60
KOHMKOH B IIyuKe, a Kax/[as IaJKas KOHUKA ITy4YKa KacaeTcs IpAMoii £, B TOUKe p; U IPOXOJUT depes
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TOUYKY P,, CM. puc. 1011. B gacTHOCTH, 00BIE BE IIAAKHe KOHUKU B TAKOM ITyYKe IIePeceKaroTcs
POBHO II0 IBYM TOYKaM P, P, ¥ UMEIOT B TOUKe p, OOILIyI0 KacaTelbHYIO.

JBoiinaa nmpamas £ = (p,p,) ¥ pacnasiadca koHuka £, U{, cp, € £, \N¥,,p, € £, \ ¥,
BO3HMKAIOT B IIy4Ke C ByM:A 6a3UCHBIMU TOUYKAMU P, P, TOIBKO OZHOBPEMEHHO B CIITY CiIeZyIolei
JIEMMEL

JIEMMA 1.5

KoHukwu, kacaromuecs AByX 3aZlaHHBIX IPAMBIX £, €, B IByX 3a/laHHBIX TOYKax p, € ¥, p, € ¥,,
OTIIMYHBIX OT £ N £,, COCTABJIAIOT Iy4OK. DTOT ITy4OK COZEP>KUT POBHO /IB€ BEIPOXK/eHHbIe KOHUKHU:
ZBOIHYIO NpsAMyIo £ = (p,p,) ¥ paclaBllylocs KOHUKY £, U £,, Ipu4éM npAMsle £, U £, OAHO3HAYHO
BOCCTaHABJIMBAIOTCA 110 IBOMHOM IPAMOH (p, p, ) ¥ 000 IMIagKoH KOHKKe C 13 IIyYKa KaK KacaTelb-
Hble Kk C B Toukax nepecedeHus C N (p,p,).

JJOKABATE/BCTBO. KaykpIil HEHyIeBOI BeKTOp p € V y)
.. o 2
3a71aéT CIOpPBEKTHUBHOE JIMHEHHOe 0ToOpakeHHe

S2VE>»V*, qm 4, (1-18)
repeBozsAlee KBaZPaTUIHYIO GOpMY g B KOBEKTOD
qp): V-ok, ve §w,p).

Tak kak dimV = 3, sapo otobpaxkenus (1-18) ume-

eT pasmepHocTtb dim S2V* — dimV* = 3. IToaTo-

MY HOJIHBIH TPo06pa3 1060ro 0ZHOMEPHOT0 IOAIIPO- P1

crpadctBa ¢ C V* mpu oTobpaxkenunu (1-18) umeer

pa3MepHOCTb 4, a ero NpoeKTHUBU3alKA UMeeT Kopas- ?
MepHOCTb 2 B IIPOCTPAHCTBE KOHUK. beps BeKTOp p Puc. 1012. [Ty4oK ¢ AByMs 6a3UCHBIMU
Ha mpAMo¥ £ = Ann¢, MBI 3aK/IIO49aeM, 9YTO KOHHM-  TOYKaMHU p, = a = b, p, = ¢ = d U AByMA
KM, Kacarolecs mpsamoii £ B Touke p € ¢, 06pas3yioT BBIDOXK/€HHBIMU KOHUKAMU S, S,.

BP, =P(S 2)*) IpoeKTHUBHOE MOAIPOCTPAHCTBO KO-

pasMepHocTH 2. /IBa TaKUX MOAIIPOCTPAHCTBA, OTBedapmue p, € £, up, € ¥,, nepecekalTcs Kak
MUHHUMYM 10 psamoii. Eciiu 651 UX IepeceyeHre COAePKaIo IIOCKOCTh, TO B IPOCTPAHCTBE KOHUK,
Kacaromyxca £, U £, B TOUKAX p; U P,, HalUIach OBl KOHWKA, IPOXOAAIAA Yepe3 JI00bIe Be Harle-
pézn 3azaHHble Touku. Ho Takas KOHMKaA, IPOXOAALIadA Yyepe3 OTINYHYIO OT p; U p, TOUKY IIPAMOM ¥
U elé KaKyloo-HUOyAb TOUKy BHe IpAMEBIX €, £,, £,, paciiaziaeTca B oObeJiHeHUe IPAMOH £ U emé
onHoi psamoit £/, oTmaHol ot £, £, £,. [I03TOMY OHa HE MOXET TepeceKaTh psaMbie £, , £, ¢ Kpat-
HOCTBIO 2 OHOBPEMEHHO U B P, U B P,. DTO AOKa3hIBaeT IlepBoe yTBep:KAeHUe JeMMbl. OcTalbHble
YTBEPKJeHUs OYeBUJHBI U3 puc. 1012, O

[TPUMEP 1.9 (IIVYOK C TPEMA BABHICHBIMU TOUYKAMU)

Ecnu 6asricHOoe MHOXeCTBO IydKa KOHHUK COCTOUT U3 TPEX TOUEK P, P,, P3, TO OHU He KOJUIMHeap-
HBI'. B 4acTHOCTH, TaKo#i MydYOK He COIePXUT ABOMHEIX MPAMEIX. KpoMe TOTO, HU Of[HA M3 TOYEK p;
He MOeT 6BITh 0co60# OHOBPEMEHHO /I IByX paclaBIINXcA KOHUK U3 TTydka”. Kaxas pacrapiia-
Aca KoHuKa £, U £, U3 TaKoro ITy4yKa IIPOXOAUT Yepe3 OasyCHbIe TOUYKU JIUO0 TaK, 4To p; = €1 N ¥,,

1ViHave cogepixaman ux mpsaMas mepeceKaa 6 TO6YI0 MAAKYI0 KOHUKY MydKa [0 TPEM TOUKaM.
2Mnave Bce KOHMKM ITy4Ka GBUTH GBI 0COBHI B 3TOH TOUKE, CM. caMoe Hayano n° 1.6.1.
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p, € £, \¥,,p3 € £, \ ¥, mbo Tak, uto p, € ¥, \¥,, ap,,p; € £, \{£,. Ha puc. 1013 Hu-
e TIepBoe OTBevaeT NpaAMbIM ¢}, £5, BTopoe — npsaMbM ¢4 , £ . Bo BTopoM ciydae mobas ragkas
KoHMKa C U3 IMydKa KacaeTcs IpsAMoii £, B Touke p,. B mepBoM ciydae Bce MIaZikie KOHUKU ITydKa
HMMEIOT B TOUKe p,; OOIIYIO KacaTeJIbHYI0, OCKOIbKY IIPOXOAAIIas yepes p, IpsaMas £, Kacaroasncs
dukcupoBaHHO MIaZikolt KOHUKY C U3 IydKa B Touke p,; € C, cOIpUKacaeTcs B TOUKE P, C KaXJOoH
KOHUKOMH TTy4Ka, TOPOXAEHHOT0 KOHUKOM C ¥ paciaBlueicss KOHUKOH £ U £, KoTopas Toxe Kaca-
eTcs IpAMoii £ B Touke p; = €5 N LY.

P1 7
S" =+t uty NS =410t

Puc. 1¢013. ITy4oK ¢ TpeMs 6a3UCHEIMU TOYKaMU p; = a = b, p, = ¢, p; = d ¥ AByMA

BBIPOXK/JIEHHBIMUA KOHUKAMHU S, S,.

YIIPAXXHEHME 1.20. YO€ANUTECH B 3TOM U IIOKQXKUTE, YTO MHOXKeCTBO BceX KOHUK C C IP,, kacaromux-
¢ 3aZIlaHHOY TIpsAAMOM £ B 3a/JaHHOM TOUKe p € £ ¥ MPOXOJAIINX Yepe3 JIBe APYTHe Pa3IndHbIe
3a/JaHHbIe TOYKU C, d & £, COCTaBJIAIOT IIYYOK, COAEPKAIINI POBHO /IBE€ BEIPOXKAEHHbBIE KOHUKU:
(cdyufu(pc)U (pd).

[TPUMEP 1.10 (IIPOCTOM ITIYYOK KOHUK)
[Ty4oK KOHUK, CIIEKTP KOTOPOT'O COCTOUT U3 TPEX Pa3HbIX TOUYEK, Ha3bIBaeTcA npocmoim. 1o nem. 1.4
BCE TOYKH CIIEKTPa IIPOCTOTO IMyYKa UMEIOT KPaTHOCTh 1, ¥ 10 MpeAbIAyIeMy 6a3iCHOe MHOXXECTBO
TAKOTO ITyYKa COCTOUT M3 YETHIPEX Pa3INIHbIX TOYEK a, b, C,
b d, HUKakue 3 13 KOTOPHIX He KOJUIMHeapHHI.

YIPAXKHEHUE 1.21. [TOKQXXUTe, YTO MHOXKECTBO BCEX KOHUK,
IIPOXOZAIINX Yepe3 YeThIpe pasiInyHble TOYKY a, b, ¢, d,
HUKaKHe TPU U3 KOTOPHIX He KOJUTMHEeapHHI, TIPe/ICTaBIs-
€T co600 MPOCTOH My4OK, TPU 0COObIE KOHUKK KOTOPOT'O
CYTb MapHI IPOTUBOIIOJIOKHBIX CTOPOH YETHIPEXBEPIINH-
HUKa abcd, kak Ha puc. 1¢14.

ﬂ/ TakuM 06pa3oM, MPOCTOH MyYOK KOHUK OJHO3HAYHO OTIpee-

TS JISIeTCS CBOMMU 6a3UCHBIMU TOYKaMU a, b, ¢, d. B oAHOpOAHBIX
KOOpJMHATax x = (X, . X; . X,) Ha [P, ypaBHeHUA ero KOHUK
HMeIOT B/

S S
! ? det(x,a,b) - det(x,c,d) 4,

Puc. 1014. [IpocTo¥ IIy4OK. det(x.a.d) - det(x.b.c) Z >

rae A = (1, : A,) npoberaet P,. Bce npeAsiAyLyie IPUMEPHI ABJIAIOTCA BEIPOXKIEHUAMH IIPOCTOTO
My4Ka ¥ TIOJIyYaloTCs U3 HEro, Korja HeKOTOphle M3 6a3MCHBIX TOYEK CIMIIAIOTCA APYT C APYroM. A
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HMMEHHO, IIy4oK Ha puc. 1013 BosHuKkaeT pu a,b — p,, ¢ = p,, d = p;, Iy4oK Ha puc. 1012 —
Korza a,b — p,,c,d — p,, my4ok Ha puc. 1¢11 —ecmu a,b,c — p;, d = p,, a Ha puc. 1010 Bce
4yeThIpe 6a3UCHBIE TOUKU CXJIOMBIBAIOTCS B OJHY.

IMepumMmeP 1.11 (B. C. XKryH)

[MTokaxeM, YTO TPEYTOIbHUK XYZ C BEPIIMHAMU B TOYKAX [TepeceueHs TPEX map MPOTUBOIIOTIOKHBIX
CTOPOH YeTHIpEXBEpPITUHHUKA abcd Ha puc. 1015 aBTONOMIAPEH OTHOCUTENIBHO BCEX TVIAZKNX KOHUK,
ONMCAHHBIX OKOJIO 3TOTO YEThIPEXBEPIIMHHUKA. JleiCTBUTENBHO, KaXKAasa Takasd koHnka Q = V(q)
JIEXKUT B IIPOCTOM IIYYKE, TOPOXKIEHHOM JIFOOBIMU y
JIByMsI U3 TPEX PaCIIaBIINXCS KOHUK X

S, = V(f,) = (ab) U (cd)
Sy =V(fy) = (ad) U (be)

S, =V(fz) = (ac) U (bd). , F\ 0

¢ Z

IMockonbky x = Sing S, = ker fx, MBI MeeM pa-

BEHCTBA fx(y, x) = fx(z, x) = 0. AHajoruyHo,

fyx.y) = f,(z,) = 0u fo(x,2) = f,(y.2) = 0.

Tak kak OwinHelHaa ¢opma § ABJsETCS JUHEH-

HO KOM6UHaIVel GrIMHEHHBIX dopM f,. U fy, u3 Q
paBeHCTB fy(x,y) = f,(x,y) = 0 BbITeKaer pa- d

BeHCTBO {(x,y) = 0. AHaJIOTUYHO IIOJyYyaeM pa-
BeHCcTBa §(x,2z) = 0 G(y, z) = 0.

Puc. 1015. ABTOIIO/IAPHBIN A XY Z.

YTIIPAKHEHUE 1.22 (TTOCTPOEHHUE LIITEMHEPA WM 3AZ1AYA MUntycTrHA). OZHOU IMHENKOM TOCTPOH-
Te TOJISIPY IAHHON TOYKU OTHOCUTETBHO JAHHOM I1aZIKOM KOHUKH.
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yrip. 1.2. B mIpaBoi 4acTH CTOUT reoMeTpuyeckas mporpeccusa ¢ +q™ 1 + --- +q + 1, a cnepa — Komu-
YecTBO HeHy/IeBBIX BEKTOPOB B (1 + 1)-MepHOM IIPOCTPaHCTBe, AeJ€HHOe Ha KOJIMYeCTBO HeHY/IeBBIX
BEKTOPOB B OZIHOMEPHOM ITPOCTPaHCTBe, T. €. ("1 — 1) /(q — 1).

Yip. 1.3. 3TO OYEBUAHO U3 MO0 MPSIMOYTOMBHBIX TPEYTOJIBHUKOB Ha pyC. 102 Ha CTp. 5, a TaKkKe U3
cooTHomeHUA (S © 1) = (x, @ x;) = (1 : ¢t).

Ymp. 1.4. B kKauecTBe TOYEK q U T, 3aJAIONIUX TAKYIO IPIMYIO, MOXKHO B3SITh KOMIIOHEHTHI U, W Pa3JIoXkKe-
Hus roboro Bektopa v € V, otBevarouero Touke p € P(V). Haobopor, eciiu v JIEKUT B IBYMEPHOM
BEKTOPHOM TIOANPOCTpaHCTBe ¢ 6azucoM u, v, Tae u € U uw € W, To KOMIIOHEHTHI Pa3IOKEHUT
BekTopa v 1o U 1 W mponopLuroHaabHBL U U W B CWIY €IMHCTBEHHOCTU TAKOT'O Pa3IOXKeHHs.

yop. 1.6. Ilycts L, = P(U), L, = P(W),p = P(k- e). [Tockoneky p & L,,V =W @ k - e. llenTpanbHaa
IIpOeKLINA U3 p UHAYLMpoBaHa uHelHoM npoeknueli V Ha W Bgonb k- e. Tak kak p & L,, orpaHude-
HY€ 3TOM ITPOEKIINY Ha MTOAIIPOCTPaHCTBO U MMEET HYJIEBOE SI/IPO U, CTAJIO OBITh, ABIAETCA TUHEHHBIM
H“30MOPPU3MOM.

Ymip. 1.7. BUeKTUBHOCTb oueBHAHA. JlokaskeM MUHeHHoCTs. [TycTs npsimasn £ C [P, aHHyIupyeTcs TUHeH-
Howi popmoii § € P35, ua, b € L — aBe pasnuunsie Touku. Touka YNL = (ab)NAnn € = &(b)-a—&(a)-b
JINHEWHO 3aBUCUT OT €.

Ymp. 1.8. TIycTb [Py, Ps. P3» Pal = (91> 92, G5, 94] ¥ APOOHO IMHEHHEIE aBTOMOPOU3MBI
op: PP u @ PPy

TaKOBBI, YTO IIPOOOpa3aMu Touek oo, 0, 1 ABIAIOTCA, COOTBETCTBEHHO, Py, Dy, P3 U G4, Gy, q3. Toraa

-1 . ~
Op(P4) = ©q(qs) M @g~ © @), IEPEBOAUT Py, Py, D3> P4 B Gy dz» 35 G- HaoGopor, eciu op: Py >
[P, mepeBoAUT py, P,, P3 B 0, 0, 1, a @, NEPEBOAUT NIEPEBOAUT Py, Py, P35 P4 B 1, 2> 3> 4, TO
Pp° <p,;; HEPEBOJMT (4, 5, 3, 4, COOTBETCTBEHHO, B 00, 0, 1, [p;, Py, P3, P4l, OTKyZAa

[Pl, D2, Pz P4] = [ql, d;, 93, CI4] .

Ymp. 1.10. Ecu mose k KOHEYHO M COCTOMT M3 g 3JIEMEHTOB, IPOCTpaHCcTBO GyHkumi A(V) — Kk Toxe
KOHEYHO U COCTOUT U3 qqdmv a/leMeHTOB. Tak Kak anre6pa MHOTOWIEHOB 6eCKOHEeYHa, TOMOMOP(U3M
13 anrebpbl MHOTOWIEHOB B anrebpy OYHKIMHM MMeeT HEHyJeBoe sApo. Ero CIoppeKTUBHOCTH Clle-
JyeT U3 TOro, YTO I J1I060r0 KOHeYHOro Habopa TOYeK CyllecTByeT MHOTOWIEH, IPUHUMAIOIINI B
3TUX TOYKaX JI0Oble Hallepés 3afaHHble 3HaYeHNA. Haz 6eckoHeyHBIM 1tosieM K MHBeKTUBHOCTD TO-
MoMopdu3Ma anre6psl MHOrowieHoB K[x,, ..., x,] B anrebpy ¢ynkumit A(V) — k gokasreiBaeTca
uHaykiued mo n = dim V. Tak KaK HeHyJIeBOM MHOTOWIEH f(X) OT OZHOM MepeMEeHHON HE MOXKET
uMeThb > deg f KOpHeiA, TOX/leCTBEHHO HyJeBas Ha 6eckoHeuHoM MHoxecTBe A' = A(K) yHximsa
MOXKET IOJIYYUTBCA TOJIBKO M3 HyJIEBOIO MHOTO4WIeHa. MHOTOWIEH OT 1 IePeMeHHBIX ABJIAETCA MHOTO-

d

WIEHOM OT X,, ¢ KoabdumuenTamur u3 K[x,, ..., %, 111 f(Xg, ..., X)) = 3 @p(Xqsenn s Xy q) - 37V,
v=0
Brunciasa koabOUIMEHTH @, B TPOU3BOJLHOM TOUKE (Dy, ..., P,_,) € K" 1, MBI MOTydaeM MHo-
TOWIEH OT X,, C HOCTOAHHLIMU K03 dUIIMeHTaMH, 3aJalolii TOXKAeCTBEHHO Hy/IeBylo GyHKIIUIO Ha
OpAMOH (X4, ..., Xp_q) = (P4, ... Pp_1), ¥ IOTOMY Hy/NeBOU. TeM caMbIM, BC€ MHOTOYIEHHI (., ABJIA-
FOTCS TOXKAECTBEHHO Hy/leBbIMU GyHKuMAMY Ha A . TIo IpeATonokeHNio MHAYKIMH, OHHU ABJIAIOTCS
HyJIeBLIMU MHOTOWIEHAMH.

28
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Yop. 1.16. Ocobas kBagpuka B P, aTo smbo ABOIHaA IIOCKOCTh (KBajpuKa paHra 1), mmbo napa pas-
JINYHBIX [TepeceKalroIMnXcs IIOCKOCTeN (InHelHOe coefrHeHNe 0Cco00M MPAMOM C IIaZKOH MyCTOMH
KBa/IpUKOM Ha JIOTIOTHUTEIbHOM TPAMOii), MO0 ABOMHAA MpsaMas (IMHeHHoe coequHeHE 0CO00
MIPSIMOM € IIaZIKOH ITyCTOM KBaJPUKOH Ha JOTIOIHUTETHHOM IIPSIMOIT), TMO0 OfHA [BOMHAs TOUKa (JIv-
HelHOoe coelMHEHUE 0COO0H TOYKH C TVIaKOM IyCTOM KOHUKOM B TOTIOTHUTENBHOMN TNTOCKOCTH),, TG0
MIPOCTOM KOHYC (JIMHEHHOe coelMHeHe 0COO0M TOYKH C IVIaZIKOH HEMyCTONH KOHUKOH B ZIOTTOTHUTE/b-
HOM IIOCKOCTH). Y6eAUTECh, UTO B TIOC/IEAHEM CIy4ae tobas Jexkaiias Ha KBaZpyuKe mpsaMas IpoXo-
JIUT Yyepe3 0Co6YI0 TOUKY.

Ymp. 1.18. Besaxas npAasd, Jexainas Ha Qg U IpoxojAlas yepes3 KaKyoo-HUOyAb TOUKy p € @ conep-
XKUTCSA B IVIOCKOH KOHUKE Qg N Tp Q,, rne TpQ — KacaTeJbHas IJIOCKOCTh K 0 B TOUKe p. OTa KOHMKA
HCYEPIIBIBAETCS MAPOH MPOXOASIINX YEPES P MPSIMBIX U3 OIUCAHHBIX BhIIIIE IBYX CEMENCTB.

Ymp. 1.19. DTO BBITEKAET U3 CeAyroleil opmyiel, cripaBeanuBoii B kla, £]:

n
det(aA + BB) = Z tr(APA - APBY) aP P
p=0

rae A, B € Mat,, (k) — kBazpaTHbIe MaTpULILI pasMepa nxXn, a AP Ay APBY — xBazipaTHbIe MaTPUILI
pa3mepa (;) X (Z), KJIETKU KOTOPHIX 3aHYMePOBaHbI BO3PACTAIOIUMHU P-3JIEMEHTHBIMU ITOAMHOXKE-
crBamu I,] C {1,...,n}, uB IJ-Toii kneTke y AP A HaxoguTes I]-THIA p X p MUHOP @y MaTpHUIILL A, a
y AP BY — anre6pandeckoe JI0MOTHEHHE (—)lH+ Ibﬁ K JI-My p X p MuHOpPY MaTpusl B. 14 foka-
3aresbcTBa 0603HAUBTE Yepe3 d,, ..., a, U by, ..., b, cronbue MmaTpun A u B, paccMaTpuBaeMble Kak
BEKTOPHI U3 KOOpAUHATHOTO mpocTpancTBa k™, u Beruncinre koadduiment npu aP 7P B rpaccma-
HOBOM IlpousBefieHnu (aa, + b)) A ... A(aa,, + b,) = det(@A+B)e; A... Aey, Thoee,, ..., e, —
cTaHzapTHBIA Gasuc B k™.

Yop. 1.20. B mokasatenbcTBe sieM. 1.5 Ha cTp. 25 MBI BUZENU, YTO KOHUKH, Kacarolecs npsamou £ B
TouKe p € ¥, 06pasyloT B IPOCTPAHCTBE KOHUK [P, MOAIPOCTpaHCTBO KopasMepHocTH 2. OHO nepe-
CEKAEeTCsI C IByMs TMIEPIUIOCKOCTAMM KOHUK, IIPOXO/SIINX Yepe3 TOYKU €, d 110 KpaliHell Mepe 1o
npsmoit. Ecim 651 lepecedeHNe UMeIo pa3MePHOCTD XOTA ObI IBa, TO Yepes MobOble JBe TOUKU Ha [P,
mpoxozuia 6bI KOHMKA, OJHOBPEMEHHO coZeprKallas TOUYKH ¢, d ¥ Kacalolasacs IpsMoii £ B TOUKe p,
YTO He TaK: BO3bMEM OJHY U3 To4deK Ha Ipamoi (cd), a apyryio — BHe (cd) U £. Onucanue oco6bIX
KOHUK B 3TOM ITyYKe OYEBU/HO.

Ymp. 1.21. YcioBUe IPOXOXK/JEHUA Yyepe3 TOYKY 3aJa€T B IIPOCTPAHCTBe KOHUK T'MIIePIUIOCKOCTh. Ecin
HUKaK{e TPU U3 YeTHIPEX TOUEK He KOJUTMHeAapHBbI, 3TU TMIIEPIIOCKOCTH INHENHO HE3aBUCUMB, T. K.
yepe3 J00ble TP U3 TOYEK MOXKHO IIPOBECTH PACIaBINYIOCA KOHUKY, He IIPOXOJAIIYIO Yepe3 4eTBED-
Ty10 TouKy. CleZioBaTeIbHO, KOHUKHU IIPOXOAAIIMe Yepe3 TOUKHU a, b, ¢, d, HUKaKue TPU U3 KOTOPBIX
He KOJUIMHeapHEBI, 00pa3yroT My40K. DTOT IyYOK COZAEPKUT TPU PaCHaBLINXCs KOHUKH, 00pa3oBaHHbIe
[1apaMy IIPOTUBOIIOIOXKHBIX CTOPOH YeThIpEXBepIINHHNKA abcd.

Vyrp. 1.22. CornacHo npuM. 1.11 Ha cTp. 27, MOJIPOH TOYKU X OTHOCUTEIHPHO KOHUKM Ha puc. 1015 Ha
cTp. 27 ABseTcs npsaMas yz. [y e€ mocTpoeHUs JOCTaTOYHO IMTPOBECTH YEPE3 X JIIOOBIE IBE TIPSIMBIE,
TepeceKarole KOHUKY B TOYKax a, b u ¢, d cCOOTBeTCTBEHHO, W HaTH Touku y = (ad) N (bc) u
z = (ac) N (bd).
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