§20. Ilyuyku KBaApuUK

B sTom nmaparpade MBI I10 YMOJI4aHHIO cuuTaeM, uyTo nose k anre6pandecky 3aMkHyTo u char k # 2.

1. 4To mpsAMBIe B pocTpaHCTBe KBazpuk P(S2V)

20.1. ba3ucHOe MHO:keCTBO U criekTp. HartomH!o
Ha P,, = P(V) HaspBaroTcA nyukamu keadpuk. Takoi my4ok (Q,Q,) C P(S?V*) ogHo3Ha4YHO 3aAaéTca
060 Mapo¥l pa3MUYHBIX JIeKaIIUX B HEM KBaApuk Q, = V(qy), Q; = V(q,) ¥ COCTOUT U3 BCEX

KBaZpUK BHUJa

Q1 =V(Aoqo + 41q1) = (v € P(V)| Apqo(V) + A1 q,(v) = 0},

(20-1)
rae /1 = (2.0 . ).1) S ]Pl = ]P(kz).

[NepeceyeHrie 6a3UCHBIX KBaZPUK B = Q, N Q@ Ha3bIBAaeTCA 6A3UCHbIM MHONCECMB80M TTy4dKa. IT0CKOJTb-
Ky KaXZas KBagpuKa u3 mydka (20-1) mpoxoaut yepes B, 6a3MCHOE MHOXECTBO ABJIAETCA nepeceyve-
HUEM BCeX KBAZIPUK TYYKa U He 3aBUCUT OT BBIOOpA OA3MCHBIX KBAZIPUK Q,, Q, Ha mpamMoii (Q,Q4).
MuorouieH

X(aoan)(to- t1) = det(toqo + t1q1) € Klto, t4] (20-2)

Ha3bIBAETCA XAPaKMepucmuueckum MHozouneHom Imydka (20-1). OTo ofHOPOAHBIN MHOTOUJIEH CTelle-
HUN + 1oTt = (ty : ty). B ommmune or 6a3UCHOrO MHOXXECTBA, XapaKTePUCTUIECKUH MHOTOWIEH
(20-2) 3asucum ot BeI6Opa 6a3UCHBIX KBAJAPUK Q, Q1, U JaKe UX YpaBHEHUH q, q, . [Ipu nepexoze K
JAPYTUM JBYM 6A3UCHBIM KBaJpHUKaM B TOM K€ CAaMOM ITy4Ke WIN YMHOXKEHUH UX YpaBHEHUH Ha KOH-
CTaHTEHI IepeMeHHEIe (t, : t,) IogBepraoTcs 06paTUMOMY JTHHEHOMY Ipeobpa3oBanui. [loaTomy
anrebpanvecKUM MHBAPHUAHTOM IIyYKa SIBJIIETCS HE caM MHOTowieH (20-2), a TOJMIbKO ero Kjacc 1o
MOZYJTI0 00paTUMOM JIMHEHHON 3aMeHbI TEPEMEHHBIX.

[Ty4ok KBaZIpyK Ha3bIBAETCS HEBbLPONCOEHHBIM, €CJIU B HEM eCTh XOTb O/JHA IVTa/IKasA KBaZ[puKa. OTO
03HAYaeT, YTO XapaKTepUCTUIeCKUH MHOTOWwIeH (20-2) OTIIMYeH OT HyJIsA XOTs OBI B OZHOH Touke Ha Py
Y, B YaCTHOCTH, fBJIIETCS] HEHYJIEBBIM MHOTOWIEHOM. [103TOMY B HEBLIPOXKJEHHOM ITyYKe KBAJPUK
Ha [P, MoxxeT OBITE He 60stee 1+ 1 0COOBIX KBa/[PUK, IPUYEM BEPIIMHHBIE OAIPOCTPAHCTBA HUKAKUX
/IByX U3 HUX He NepeceKaroTcs, TaK BEKTOP, JIeXalluii B A/Ipe cpasy ABYX KOPPEIALU o, 4y, TEKUT
B AZ)pe U 0601 UX TUHENHHON KOMOUHAIMHU Ay G, + A, §;, YTO O3HAYAET BRIPOKAEHHOCTD Cpa3y BCeX
KBaJIpUK ITy4Ka.

MHOeCTBO BBHIPOXK/EHHBIX KBAZIPUK B HEBBIPOXKAEHHOM ITyuKe (20-1) Ha3BIBAIOT CNEKMpPOM 3TO-
ro myuka. KBagparuunsie dopmel Ao qy+4, q,, 3azaro1ire KBaZ[puKY U3 ClIeKTpa, 6MeKTUBHO COOTBET-
CTBYIOT KOPHAM A = (A, : A;) XapaKTepuUCTHIeCKOT0 MHOrowIieHa (20-2). ByzeM Ha3bIBaTh KpAMHO-
cmuto multQ; BEIPOXKAEHHOU KBaZIpHKU Q, OTBeYarole KOPHIO A XapaKTepHCTHIeCKOIo MHOTouIe-
Ha (20-2), kpaTHOCTh mult(A) 3TOTO KOpHS, T. €. MaKcHMaibHOe Takoe k € N, uro MmHorowteH (20-2)
JIENTUTCS B KOJIbIle MHOTOWIEHOB K([t,, t;] Ha det*(A,t) = (t1 Ay — toll)k . Takke TIOJIOXKUM IO OTTpe-
JleJIEHHIO KPATHOCTH BCeX IVIAJKUX KBaIpUK IIy4Ka PaBHBIMU HYJTIO.

Hap anre6panyecku 3aMKHYTHIM IT0JIEM CIIEKTD HEBBIPOXK/JEHHOT'O ITyYKa KBaApuK Ha P, cocTout
POBHO U3 11 + 1 KBaZIpHK C y4ETOM UX KpaTHOCTel. PaccMaTprBaeMBIN KaK HEYIIOPAL0YEeHHBIN Habop
13 N + 1 He 0653aTENIBHO PA3IMYHBIX TOYeK Ha [Py ¢ TOYHOCTHIO ZI0 APOGHO TMHEHHOTO aBTOMOPQU3-
Ma [P, oH He 3aBUCHUT OT BeIGOpa 6a3uca B ITyUKe.

JIEMMA 20.1
KpatHocTb multS kaxz0#i 0co60¥ KBaZpUKU S U3 HEBBIPOXKJEHHOTO ITy4IKa CTporo 6ojblle pasMep-
Hoctu dim Sing S mpocTpaHCTBa €€ 0COOBIX TOYEK.

'Cm. n° 17.6 Ha cTp. 216.
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JOKA3ATE/BCTBO. IlycTh KBagpruka G C P, Heocoba, a kBazpuka S C P, umeer dimSing S = k.
dTo 0o3HavaeT, yTo e€ MaTpuna I'pama umeer rkS = (n + 1) — (k + 1) = n — k, ¥ Bce MUHOPHI
nopsagka n — k + 1 v Belllle B Heil — HysneBble. ComtacHo npuM. 9.2 Ha cTp. 117, xapakTepucTuiecKui
MHOTOWIeH

n+1
det(toS +6,6) = Yt Y spyg45 (20-3)
m=0 #I=H#]=m
zenures Ha tt1, TToatomy kpaTHOCTb 3azaroteit S Touku t = (1 : 0) € P, He MeHee k + 1. O

20.2. HeBbIpOKeHHbIE IyYKHU KOHUK. Haz anrebpanyeck 3aMKHYTBIM 1oyieM k HEBBIPOK A€ HHBIH
My4OK KOHUK Ha P, = P(V) MoxeT coep:kaTh 1, 2 Wiu 3 pas3TuYHBIX 0COOBIX KOHUKH, a ero 6asuc-
HOe MHOXECTBO KOHEYHO ¥ MOXKET COCTOATh U3 1, 2, 3 WIHN 4 pa3Iu4YHBIX ToyeK. ECJIU B IIyUKe ecTh
JBOIHAsA TpsAMasi, TO Bce ero 6a3ucHble TOYKH JIEXKAT Ha 3TOM IpsAMoii. Ecu B ydke ecTh pacrasiia-
sicst KoHrKa €4 U £, To Bce 6a3uCHBbIE TOYKM TaKOTO My4Ka JiexaT Ha €4 U £, TPUYEM Ha KayKJ0H U3
TMpAMBIX ¢4, £, IODKHA OBITH XOTS 6bI OfHA 6as3vCHas TOYKA, TaK Kak Jtobas ragkas KOHUKA TydKa
repeceKaeT KaXAyi0 U3 3TUX MPIMBIX.

20.2.1. TIy40K ¢ oAHO#M 6a3uCHOM TOYKOM. Ec/ti 6a3rcHOe MHOXKECTBO ITyYKa COCTOUT U3 eIHH-
CTBEHHOU TOYKH P, 0c000I1 KOHUKOM B HEM MOXKET OBITH JIUIIIh IBOMHASA MPAMas, Kacarolasacs J00H
IIaZIKOM KOHUKM Iy4YKa B Touke p. Haobopor, mobas magkas koHWKa C U Kacarouasacs eé B POU3-
BOJIBHOH TOUKe p € C ABOIHAasA npsaMas ¢ 3aJjaloT pery/IApHbIH ITyY0K KOHUK C eJUHCTBEHHOH 6a3uc-
HOI TOYKOH P, ¥ € AMHCTBEHHOM 0C060I KOHUKOM — JBOMHOL IpsMoii £. Bce miagkue KOHUKYA 3TOTO
MyJKa IMepeceKaroTes APYT C APYTOM TI0 eZIMHCTBEHHOM TOUKe P Y UMEIOT B Hell 06IIyIo KacaTelbHYI0
cM. puc. 20¢1.

P2

7 S=4,Ut, /D1 £,
Puc. 20¢2. [Ty40K ¢ AByMs 6a3UCHBIMU
TOYKaMU Py, = a = b = ¢, p, = d U ofiHOHU
BBIPOXK/IEHHOU KOHUKOH S.

Puc. 2001. [Ty4oKk c 0fIHOM 6a3UCHOM TOUYKOMN
(a=b=c=d=p).

20.2.2. Ilyuyku c AByMA GasuCHBIMU ToukaMu. Eciy 6asncHOe MHOXXeCTBO ITy4Ka COCTOUT U3
JBYX TOYEK Py, P, TO BEIPOXKJEHHBIMU KOHMKAMU B HEM MOTYT WU JBolHad npaMad £ = (p1P,)
WU TaKas paclasiuasca KoHuka £, U £,, uto p; € ¥4, p, € £,. Bropoii ciyuail pasgenseTcsa Ha Ba
HozcIydas: 6o obe TOUKY Py, P, OTIUIHEI OT 0c060H Touky €4 N £, Kak Ha puc. 2003, 1160 TouKa
P, =%, N¥,,aTouka p, # ¥, N¥,, kak Ha puc. 2002.
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Eciv uMeeT MecTo Tocyie/iHee, TO paclaBIiascs KOHUKa £1 N £, ABJIsSeTcs e[UHCTBEHHON 0c0601
KOHMKOM B ITy4Ke, a KaXkAas IIaikas KOHUKA ITyYKa KacaeTcs IPSIMOH £, B TOUKE P, U IIPOXOAUT Yepes
TOYKY P, CM. puc. 2002. B 4aCTHOCTH, JITOOBIE /IBe TIaKie KOHUKYA B TAaKOM ITyYKe MepeceKaroTcs
POBHO 10 ZIBYM TOYKaM P4, P, Y UMEIOT B TOYKE P, OOIIyIO KacaTeIbHYIO.

JBotiHasa npsamas £ = (p,p,) ¥ pacnaBmasicsa KoHuka €1 U ¥, cpy € €1, 0, € 5,4,
BO3HUKAIOT B MYYKE C IBYMs 6a3UCHBIMU TOYKAMU P4, P, TOJIHKO OJHOBPEMEHHO B CIIY CIEAYIONIEH
JIEMMBI.

JIEMMA 20.2

Konuku, kacatoliyecs ByX 3a/laHHBIX NPAMBIX ¥4, £, B ABYX 3alaHHBIX TOUKaX P; € ¥4, P, € ¥,,
OTJIMYHBIX OT £; N £,, COCTABJAIOT MyYOK. DTOT ITyYOK COAEPIKUT POBHO /IB€ BHIPOXK/I€HHBIE KOHUKU:
ZBOMHYyI0 IIpsAMyI0 £ = (PP, ) ¥ pacuaBlIylocs KOHUKY €1 U £, Ipu4éM npsaMsble £; 1 £, OZHO3HAUYHO
BOCCTaHAaBJIMBAIOTCA IO IBOMHOM MTPSAMOL (P4 P, ) U 0601 I1aZKoi KoHrKe C U3 ITy4YKa KaK KacaTesb-
Hble K C B TouKax nepecedeHus C ¢ (p1D,).

JIOKA3ATEIBCTBO. KaXXIbIl HEHYJIEBOM BEKTOp P € V £,
3a/1aéT CIOPEKTUBHOE IMHENHOE 0TOOpakeHre

SV » v*, qe q(p), (20-4)
nepeBoZAllee KBAAPATHYHYIO GOPMY g B KOBEKTOD
qp):V-ok, veqw,p).

Tak kak dimV = 3, sapo orobparkenus (20-4) nume-
eT pasMmepHocTh dim S?V* — dimV* = 3. Iloaro-
MY MTOJTHBIN TPO06pa3 I060ro OAHOMEPHOTO MOATIPO- b1
crpaHctBa ¢ C V* mpu orobpaxkenuu (20-4) umeer 4
Pa3MepHOCTb 4, a ero MPOeKTUBU3AIIHA UMeeT KOpas-
MEepHOCTh 2 B IIPOCTPAHCTBe KOHUK. bepsa BeKTOp p
Ha npsAMoi £ = Ann &, MBI 3aKt04aeM, YTO KOHHU-
KU, Kacaloluecs 3TOH IPpsAMOH B TOUKe P, 06pa3yoT
B Py = P(S2V*) nIpoeKTHBHOE MOANPOCTPAHCTBO KOPa3MePHOCTH 2. JIBa TaKUX MOANPOCTPAHCTBA,
oTBevarwouye p, € ¥4 up, € £,, nepecekaroTcs KaK MUHUMYM IT0 IpsiMoii. Ecitut O6b1 uxX mepecedeHye

Puc. 2003. [Ty4ok c AByMsi 6a3MCHBIMU
TOYKaMU P, = a = b, p, = ¢ = d u BymMA
BBIPOXKJIEHHBIMU KOHUKaMU Sq, S,.

CoZieprKasio IVIOCKOCTh, TO B IPOCTPAHCTBe KOHUK, Kacaromuxcsa ¥4 U £, B TOYKax P; U P,, HAlLIach
6Bl KOHMKa, IPOXOAAIIAsA depes To0ble [Be Hanepés 3ajaHHble Touk. Ho Takas KOHUKA, TPOXOZs-
Ias yepe3 OTJIMYHYIO OT Py U P, TOUKY IPIMO¥ £ U ellé KaKylo-HUOYb TOUKY BHE IPAMBIX £, £4, €4,
pacmaziaeTcs B o0beiMHeHNE IPSAMOM € U elnlé oAHol npsaMotii £/, otuaHo ot £, €4, £,. [ToaToMy oHa
He MOKeT IlepeceKaTh IpAMble ¥4, £, C KPAaTHOCTHIO 2 OAHOBPEMEHHO U B P4, U B P,. OTO JOKa3bIBaeT
IepBoe yTBepkAeHue JeMMbl. OcTalbHbIE YTBEP)KA€HUS OUeBUAHEI 13 puc. 2003. (I

20.2.3. ITy4ok c TpeMs 6a3uCHBIMU TOYKaMu. Ecii 6a31cHOe MHOXKECTBO IyYKa KOHUK COCTOUT
13 TPEX TOUEK Py, P, D3, TO OHU He KOJUTMHEeAapHbI'. B 4aCTHOCTH, TaKOi My4OK He COAEPIKUT JBOM-
HBIX IPAMEBIX. KpoMe Toro, HU 0ZiHa U3 TOYEK P; He MOXKET GBITh 0COO0I OJHOBPEMEHHO I JIBYX

'YiHaue cogeprxamas 6a3iCHEIEe TOUKY IPAMAd lepecekana 61 TI06YI0 [IaAKyto KOHUKY Iy4Ka II0 TPEM TOU-
KaM.
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pacnaBIXcsl KOHUK U3 Myuka'. Kaxas pacnasmascs KoHuka £, U £, U3 TAKOTO MydKa MPOXO/IUT Ye-
pe3 6a3HCHBIE TOYKU JIUOO TaK, YTO P = 1 NE,, P, € £13¥5, P35 € £,F,, 160 TaK, uTO P; € £1 15,
ap,,p3 € ¥, \ £4. Ha puc. 2004 HIKe TIepBOe OTBeYaeT IPAMBIM ¥, £, BTopoe — npsaMbiM 7, €5 .
Bo BTOpOM ciiydae nrobas riazkas KoHUKa C U3 Iy4YKa KacaeTcs MpsMOoit £, B TOUKe P .

1
S" =4 uty NS =1 ut;

Puc. 20¢04. [Ty4oK ¢ TpeMs 6a3UCHBIMU TOYKaMU P; = a = b, p, = ¢, p3 = d U AByMA

BBIPDOXKIEHHBIMU KOHUKaMU Sq, S,.

B mepBoM ciiyvae Bce IVIafKU€ KOHUKU MyYKa UMEIOT B TOUKE P, OOINyIO KacaTeJbHYIO, TOCKOIbKY
IpoxoAsIas 4yepes p, Ipsamas £, Kacarouasacs GUKCUPOBAHHOM IaZKoH KOHUKY C U3 IIyYKa B TOUKe
P, € C, compuKacaeTcs B TOUKe P, C KaXKJ0K KOHUKOMU ITy4yKa, TOPOXKAEHHOTO KOHUKOM C U paclas-
mmrefics KOHUKoM €1 U £, KoTopas Toxe KacaeTcs paAMoH £ B Touke p; = £1 N 45.

YIPAXKHEHUE 20.1. YOeZAUTEeCh B 3TOM U IIOKAXKUTE, YTO MHOXKECTBO BceX KOHUK C C IP,, Kacaromux-
¢ 3aZlaHHOM NpAMOM £ B 3aZlaHHOM Touke p € ¥ U IPOXOJAIIMX depes JBe Apyrue pasiudyHble
3aZlaHHBIE TOYKU C, d & £, COCTaBIIAIOT ITyYOK, COZlep:Kallliil POBHO IB€ BHIPOXK/J€HHbIE KOHUKU:
(cd)utu(pc)u(pd).

20.2.4. IIpocToii Iy4oK KOHMK. [Iy4OK KOHUK,
CIIEKTP KOTOPOT'O COCTOUT U3 TPEX pasHBIX TOUeK, HAa3bIBa-
etca npocmbim. ITo mtem. 20.1 Bce TOYKHU CIIeKTpa IIPOCTOr'0
IMy4Ka UMEIOT KPAaTHOCTD 1, U 110 MpeAbIAyIeMy 6a3uCHOe
MHOXECTBO TaKOr'o ITydKa COCTOUT U3 qupréx Ppas3In4YHbIX
TO4YeK a, b, ¢, d, HuKakue 3 U3 KOTOPHIX He KOJ/UTMHeapHBI.

YIPAXHEHME 20.2. [IokaXyuTe, 4TO MHOXKECTBO BCEX KO-
HUK, IPOXOZAIINX Yepes3 YeThIPE pa3JIndHble TOUKU a,

b, ¢, d, HUKaKye TpU U3 KOTOPBIX He KOJUTMHEAPHHI, ﬂ/
MIpeJCTaBIIAET COO0I0 MMPOCTOM IyYOK, TPU 0COOBIE KO- \
HUKU KOTOPOTO CYTh Hapbl IPOTHUBOIIOJOXKHBIX CTO-

S2

POH YeTBIpEXBEepIINHHUKA abcd, kak Ha puc. 2005.

TakuM 06pa3oM, TPOCTOM MyYOK KOHUK OJHO3HAYHO OIIpe- S1

JIeIIeTCSI CBOMMM 0a3MCHBIMY TOUYKaMu a, b, ¢, d. B ogHo- Puc. 2005. Tpu ocobble KOHUKU
POAHBIX KOOpAWHATAX X = (Xo : X; : X3) Ha P, ypaBHe- mpocToro myuyka ¢ 6a3MCHBIMU TOYKAMU
HUA ero KOHWK UMEIOT BU/ a,b,c,d.

det(x,a, b) - det(x,c,d) _ Ao
det(x,a,d) - det(x,b,c) A’

YHaue Bce KOHUKM my4Ka 6bUTH GBI 0COOBI B 3TOM ToUKe, cM. n° 20.1.
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rae A = (1, : A,) mpoberaet ;. Bce npezbiAyIyie IPUMEpPHI BIAIOTCA BEIPOXKAEHUIMHU IPOCTOTO
MyYKa ¥ TOJIYy4YaloTCs U3 HEro, KOrja HeKOTOphble M3 Oa3MCHBIX TOYEK CIMIIAIOTCA APYT C APYroM. A
MMEHHO, IIy4YOK Ha puc. 2004 BO3HUKAET IIpU A, b — p,, ¢ = p,, d = p3, Iy4ok Ha puc. 2003 —
Korgja a,b — p,, c,d — p,, Iy4oK Ha puc. 2002 —ecau a,b,c — p;, d = p,, a Ha puc. 2001 Bce
YeThIpe 6a3UCHbIE TOUYKU CXJIONBIBAIOTCSA B OJHY.

[IPEAJIOKEHME 20.1
AcCCOIIMMPOBaHHBINA C YeTHIPEXBEPITUHHUKOM A bCd TPEYTroNbHUK XYZ aBTOIOJAPEH OTHOCUTEIBHO
BCEX IAJAKUX KOHUK, OIIMCAHHBIX OKOJIO 3TOI'0 YeThIPEXBEPIINHHUKA.

JOKA3ATEALCTBO (110 B. C. XKryHy). Kaxkgas omucaHHas X y
OKOJIO YeTHIpEXBepIMMHHWKA abcd koHuka C = V(q) ne-
JKUT B IPOCTOM IyYKe, TOPOXKAEHHOM JIFOOBIMU JABYMS U3
Tpéx pacnaBmuxcs KoHUK S, = V(f,) = (ab) U (cd),

Sy = V(f) = (ad) U (bc), S, = V(f,) = (ac) U (bd). / A

c a

[MTockombky x = SingS, = ker fx, MBI UMEEM paBEH-
crBa fy(y,X) = fx(z,x) = 0. AHanoruuso, f,(x,y) =
= fy(Z,y) = 0u f,(x,2) = f,(y,z) = 0. Tax kax
6unuHeliHaa dpopMa ( ABAAETCA JUHEHHOM KOMOUHALU-
f. Q

eii 6IMHENHBIX GopM f, U fy, U3 PaBEHCTB fx(x, y) = d
= fy(x,y) = 0 BHITEKAeT paBeHcTBO §(x,y) = 0. AHa- .
JIOTMYHO HOIy4YaeM paBeHcTBa §(x,z) = 0u G(v,z) = 0, Prc. 2006. ABTONONAPHEI AXYZ.

cM. puc. 2006. O

YIIPAXXHEHUE 20.3. [Tony4uure u3 npezi. 20.1 060CHOBaHME OCTPOEHUSA H_ITeI?IHepal.

[TPUMEP 20.1 (MHBOJIIOLIVSA JIE3APTA)

Byzewm HaswBath npamyto £ C P, = P(V) o6weil 10 OTHOIIEHHUIO K HEBBIPOXKJAEHHOMY ITyYKY KOHUK
L C P(S?V*), eciu OHa He IPOXOAMT Yepe3 6asrCHbIE TOYKH ITy9Ka M He COAEPXKUTCA HY B OZHOM U3
0COOBIX KOHUK Ty4Ka. KakIbIii HEBBIPOXKIEHHBIN MTyYOK KOHUK L 3aZaéT Ha J1t000#i 06I1el Mo OTHO-
IIEHUIO K HeMy IpsAMoi £ uneostoyuto /Jlesapea o . £ = £, mepecTaBAIoONIylo TOYKH S, t € £ ecimu
Y TOJIBKO €CJIU B Ty4Ke L uMeeTcs Takas KoHuka C, uto C N £ = {s,t}. B camom zene, ans 060
TOYKU t € ¥ B ITyuyKe L UMeeTCs pOBHO OZ/HA KOHUKA C, TPOX0oAsAIas yepe3 t, Mpu4éM K03GOUILIEeHTRI
eé ypaBHEHUS PAI[OHAJIBLHO 3aBUCT OT KOOPAWHAT TOYKU t, U OHA IepeceKaeT MpsMyto £ 10 OfHOU
WU IBYM TOYKaM. TakuM oOpa3oM, TOUKa S OIpeJessseTcss TOYKOM ¢ OHO3HAYHO, a €€ KOOPAWHATEI
paIioHaIbHO 3aBUCAT OT KOOPAWHAT TOUKHU t, U HA060pOT. Touka p € £ HEMOABUKHA OTHOCUTETHHO
WHBOJIONWY Jle3apra ecjid U TOJIBKO eCJIU B Iy4Ke L MMeeTcs KOHMKA, Kacaromasacs IpsiMon £ B TOY-
Ke p. CiieoBaTeNbHO, HaJ anrebpandecky 3aMKHYTHIM TI0JIEM B IFOO0M ITyYKe KOHUK UMEETCS POBHO
JiBe KOHHKH, Kacarolyecs 3aZlaHHON O6IeH 110 OTHOIIEHHIO K 3TOMY ITy4YKy IPSAMOM.

Eciu L — mpocToli My4yoK ¢ 6a3vCcHBIMY TOYKaMu a, b, ¢, d, kak Ha puc. 2006, To 6epsi B KauecTBe
MpsAMOI £ CTOPOHY YZ aCcCOIMUPOBAHHOTO C YETHIPEXBEPIIMHHUKOM abcd TPEYroIbHUKA XY Z, MBI
ToJIy9aeM Ha MPAMOM £ MHBOJIIONUIO C HENOABIKHBIMU TOYKAMU Y U Z, KOTOPBIE SIBJIAIOTCSA TOYKA-
MU KacaHus £ ¢ ocobriMu KoHukamu (ad) U (cb) u (ac) U (bd) cOOTBETCTBEHHO. DTa UHBOJIIOIHA
TepecTaB/sieT MeXAY cOO0I0 TOUKH epeceueHus MpsAMoi £ co cropoHamu (ad) u (bc) dyeThIpéxBep-

lem. yip. 18.10 Ha cTp. 231.
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HUIMHHUKA abcd. Mbl IOIy4uIn albTepHaTUBHOE 0Ka3aTeabCTBO TOTO, YTO B IIy4Ke NIPAMBIX, IPOXO-
JAIINX Yepe3 X CTOPOHBI TPEYTOIbHUKA FapMOHUYHbI CTOPOHAM YeThIPEXBEPITMHHIKA ' .

[TPUMEP 20.2 (KOHUKA ITOJIFOCOB U KOHUKA OJJUHHAZIIIATU TOYEK)

Kaxxzas Touka a € P, = P(V), koTopasi He sIBJIsI€TCSA 0CO00M HU /I KaKOM KOHUKU M3 HEBBIPOXK-
JeHHoro nmyuka L C P(S?V*), 3agaér iMHelHOoe Biaoxenue a . L & Py = P(V*), nepepogamiee
KOHUKY Q = V(q) € L B mosipy q(@) TOUYKH 0 OTHOCHTEIHHO 3TOM KOHUKH. Ha si3bIKe JTMHEMHOMH
anre6pLl 3TO BIOXKEHHUe ABNAETCA IPOeKTUBU3allieil HHbeKTUBHOTO JTUHEHHOTO 0TOOpaKeHHA, TIe-
PEBOASAIIEr0 KBaZApaTUIHYIO GOpMy 13 ABYMEPHOTO MPOCTPAHCTBA, MMPOEKTUBU3ALKEel KOTOPOTOo
ABAeTcA My4ok L, B uHelHyto dopmy q(a): V — Kk, v — q(v,a), rae a € V — IpouU3BOJILHO
3adUKCUPOBAHHBINA HEHY/IEBOW BEKTOP, IPEACTABIAIOIINMA TouKy a € P(V). AHHYIATOpPOM AByMep-
HOTO 06pa3a TaKOTO OTOOpaKEeHUS ABIAETCI OJHOMEPHOE TIOATIPOCTPAHCTBO @;, C V — LEeHTp ImydKa
TIPAMBIX, TIOJIAPHBIX TOYKE (. OTHOCUTENIHHO BCEBO3MOXKHBIX KOHUK 13 L. Ha reoMeTpuyecKoM A3bIKe
Touka a;, € P(V)— 3To eMHCTBEHHASA TOYKA IUIOCKOCTH, COTIPSKEHHAS TOYKE A CPa3y OTHOCUTEIEHO
BCeX KOHUK u3 L. OToGpaxkeHue a : L = aj 3a7aét romorpaduio Mex 1y IMy4KOM KOHUK L U Iy4KOM
npsambix af Ha P, = P(V).

Ecnu ipsimasi £ = (St) He IPOXOAUT Yepe3 0cobble TOYKY KOHUK U3 Iy4Ka L, TO MmoJroca 3Tok mps-
MOW OTHOCUTETHHO KOHUK U3 L CyTh TOYKU IepecedeHus map COOTBETCTBEHHBIX MPSIMBIX U3 ITyYKOB
s} u t] npu romorpadum ts~1 : s = tf, KoTopas ABIAETCS KOMIIO3UIKeN romorpaduu t : L = t7
u romorpaduu, o6paTHO K S : L = sf. CornacHo npezy1. 18.2 Ha ctp. 224 IMT nepecedeHus TaKUX
COOTBETCTBEHHBIX IIPSIMBIX SIBJISETCA KOHUKOM, TPOXOAAIIEl Yepe3 TOUKH Sy, U t;. MbI 6yZieM Hasbl-

BaThb €€ KOHUKOIL N0JH0c08 TIPAMO £ OTHOCUTENLHO ITyyKa KOHUK L 1 o6o3Hauats C (£, L).

YIPAXKHEHUE 20.4. YOeIUTeCh, YTO eCiu IpsMas £ He IPOXOJUT Yepe3 0coOble TOUKKM KOHUK IIy4-
Ka L, To KOHUKa motocoB C (€, L) ABIseTCs IIagKou.

Jlnst mpocToro my4ka L ¢ 6a3ucHBIMU TOYKaMu @, b, ¢, d v IpsaMoii £, KoTopasi He TPOXOJUT yepes 6a-
3UCHBIe TOYKH 1 BEPIIMHBI aCCOLIMMPOBAHHOI'O C HUMU TPEYroJIbHUKA XY Z, KOHUKA 0ot0coB C (£, L) —
3TO eJUHCTBEeHHas IVIaJiKas KOHMKA, OIMCaHHAsA BOKPYT A XYZ U IIPOXOJAIIas yepe3 /iBe HellOJBIK-
Hble TOUKM UHBoMoNuH Jlesapra® oy, : £ = £, 3azlaBaeMoii TydkoM L Ha npamoii £. KpoMe sTUX nATH
TO4YeK, KOHUKA II0JII0COB IIPOXOJUT Yepes TaKylo TOUKY Do € (ab), uto [pgap, £ N(ab),a,b] = —1Ha
npssMoti (ab), Tak Kak 3Ta TOYKa 1o mpezut. 19.1 Ha ctp. 233 conpspkeHa Ha mpsiMot (ab) Touke £N(ab)
OTHOCHUTEJIBHO 11000 IMIaZiKoll KOHUKH, IPOXoJAllell yepe3 a U b, ¥ IIOTOMY UMEHHO OHA ABIAETCA
BTOPOM, OTVINYHOM OT X TOYKOU IepecedeHus IpsAMoU (ab) ¢ KOHMKOH oocoB mpsiMoi €. I1o Toi
e npudnHe C(€, L) IpOXOAUT ellié yepes MATh aHAJOTUYHBIX P gp TOUEK Py € (UW), OTBEYAIOMIUX
BCEBO3MOXKHBIM /IBYX3JIEMEHTHBIM MTOAMHOXKecTBaMm {u,w} C {a, b, c,d}. IloaToMy TaKkyi KOHUKY
IIOJIIOCOB Ha3bIBAIOT ellIé M KOHUKoU 00uHHadyamu mouek IpAMOH £ U 4eThIpEéXBepUIMHHUKA abcd.

20.3. KacaresbpHO€e IPOCTPAHCTBO K IPOEKTUBHOM Ir'UIlepnoBepxXHOCTH. PacCMOTpUM MPOEKTHUB-
Hylo runepnoBepxHocts V(f) C P, 3aaHHy10 OZHOPOAHBIM MHOTOWIEHOM [ cTelleHu d, U He JieXXa-
Iyto Ha Helt npsamyto (ab) C P, mpoxozsamuryto yepe3 Touky a € V(f). OrpaHudyeHne MHOTOWIEHA f
Ha npamyto (ab) aBisAeTcsa HeHyJIeBBIM OZHOPOJHBIM MHOT'OWIEHOM CTelleHU d

fap(A, 1) &€ f(Aa + ub)

1Cp. cn° 18.3.2 Ha cTp. 227.
2Cp. ¢ floKasaTeabcTBOM jeM. 20.2 Ha cTp. 248.
SCm. npuM. 20.1 Ha cTp. 250.
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OT OJHOPOZAHOM KoopAwHaTh (A : p) Ha mpsamoii (ab), u Touka a = (1 : 0) ABAAETCA €ro Kop-
HeM. KpaTHOCTb 3TOTO KOPHS Ha3bIBAETCA KPAMHOCMbIO NepeceueHus IpAMoii (ab) ¢ TUIIepIIoBepX-
HocThio V(f) B Touke a. Haj anreGpanuecky 3aMKHYTHIM TIoJIeM K Kaxzaas He Jiexalas Ha TUIIEpP-
moBepxHOCTH V (f) IpsiMasi lepeceKaeT 3Ty TUIePIIOBEPXHOCTb POBHO IO d TOYKaM, YYUTHIBAEMBIM C
KPaTHOCTSIMH, PABHBIMH KPaTHOCTSIM ITepecevdeHusI IPIMOU U TUIIEPIIOBEPXHOCTH B 3THX TOUKAX.

[Tpsimas (ab) Ha3bpIBaeTcsa kacamesbHoll K runepnoBepxHocTH V(f) B Touke a € V(f), eciu oHa
JIEXKUT Ha TOM TUMEPIIOBEPXHOCTU WM TTEPECEKAET €€ B TOUKE A C KPAaTHOCThIO > 2. O6beAnHEHNE
BCeX MPSAMBIX, Kacarolmxcs runeprnosepxHoctu V(f) B Touke a € V(f), Ha3pIBaeTCsA KAcAmeibHbM
NPOCMpaxHcmeoM K TUTIEPIIOBEPXHOCTH f B ToUKe a U ob6o3HavaeTcsa T,V (f).

MuHUMaIbHAas U3 KPaTHOCTEN epecedyeHni runeprnoBepxHocTdl V(f) co BCeBO3MOXKHBIMU TTPO-
XOASIIMMHY depe3 TOUKy a € V (f) NpsAMBbIMU Ha3bIBAETCA KPAMHOCMbI0 MOUKU A Ha TUIIEPIIOBEPXHO-
ctu V(f). Ecav oHa paBHa eIUHUIIE, TOYKA A Ha3bIBaeTCs 21a0Koll, eC/TU GOJIbIIe eUHUIIBI — 0c0001.
TakuM ob6paszom, ocobocTh Touku a € V(f) paBHocuibHa ToMy, 4To T,V (f) = P,,.

JIEMMA 20.3

Touka a € V(f) ocoba eciiv ¥ TOJIBKO €CJIH BCE YaCTHBIE TPOU3BOAHbBIE OT MHOTOWIEHA [ 3aHYJISIOTCA
B Touke a. Eciu Touka a He ocoba, To KacaTesbHOe pocTpaHcTBo T,V (f) ABIsAeTCS TPOEKTUBHBIM
MTOANIPOCTPAHCTBOM KOpPa3MePHOCTH 1 U 3a71aéTCsd OAHOPOAHBIM JIMHEHHBIM YpaBHEHUEM

Zga—xi(a)-xi—o.

JlokA3ATEBCTBO. [To popmyse Teitopa orpaHnyeHrie MHOTOWIEHA f Ha mpsaMyto (ab) umeet B ad-
UHHOM OKPECTHOCTU TOYKH A BUJ
n
af 5
fla+th)=f(a)+t- 2 ﬁ(a) - b; + wieHsl, fenAmuecs Ha t- .
i=o 1

Touke a oTBevyaeT KopeHb t = 0. OH KpaTHBIY TOIZA U TOJIBKO TOTZA, KOTAa Y, %(a) -b;=0. U
13

YMPAXXHEHUE 20.5. YOeAUTeCh, YTO AJI1 KBaZPUK KPUTEPUH IIAZKOCTU U ONMCAHUE KaCATEIbHOTO
mpocTpaHcTBa U3 jeM. 20.3 comacyoTes ¢ onpejeieHreM miagkocT u3 n’ 17.3 Ha ctp. 207 u
OINHCAaHUEM KacaTeJbHOro mpocTpancTBa U3 n” 17.3.1.

20.4. I'uneprnoBepXHOCTh 0COOBIX KBaAPHUK. MHOXKECTBO BCeX 0COOBIX KBaApUK Ha P, = P(V) 06-
pasyeT B IIPOCTPAHCTBE KBaApHK P(S?V*) anire6GpandecKyio rUIeproBepxXHOCTH cTeneHu (n + 1)

X =V(det) = {q € S?V*| det(q) = 0} . (20-5)

[TPE/IIOKEHME 20.2

Ocobas kBazpuka S € X ABIAETCS IAJAKOU TOYKOU TMIIEPIOBEPXHOCTH X €CJIU U TOJIBKO eCIU Cca-
Ma kBagpuka S C P(V) uMeeTr eANMHCTBEHHYIO OCOOYIO TOUKY S € S, U B 3TOM CJIydae KacaTelbHOe
npocTpaHcTBo TsE C P(S2V*) cocTouT U3 Beex kBazpuk Q C P(V), MpOXOAAIIMX Yepes3 TOUKY S.

JIOKABATEIBLCTBO. ITycTh S = V(). Jlna mo6oti kBaapuku Q = V(q) C P(V) orpaHnyeHrie MHOTOUWIe-
Ha det Ha ipaAMyIo (SQ) C P(S2V*) umeeT B ahPUHHOIN OKPECTHOCTH TOUKU S BUA

0 =det(f +tq) =det(f)+t- z qijfz/j + 4ieHBI, AenAmyecs Ha t2
ij

lCm. npum. 9.2 Ha crp. 117.
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rze f lV] o3HayvaeT anrebpaunyieckoe omoaHeHue K (1 j)-ToMy asieMeHTy MaTpulibl [ pama KBapaTUIHOM
¢dopmsl f. KBazpuka S oTBeyaeT KOpHIO t = 0. OH KpaTHBIH TOrZa U TOJIBKO TOTAa, KOTAa

> ayfy=o. (20-6)
i

OTo MMHENHOe YpaBHEHUE HA § HETPUBUAJIBHO €CJIM U TOJBKO eIk B MaTpule I'pama F = ( fi j)
VMeeTCsI XOTh OAVH HEHY/IeBOH MUHOD IOpsAAKa N, T.e. korga dimker F = 1. Kaxzpiii cronber u
KasK/las CTPOKa MPUCOeJUHEHHON MaTpullel FY = (f g’j) JIESKUT B AZIpe MaTPUIIBL F, OCKOJIbKY F FY =
= FYF = det(F)E = 0. Taxum o6pasoM, Tk F¥ = 1, 1 Bce CTPOKU U BCE CTOJIOIIBI CHMMETPUYHON
MaTpuIbl FY IpoopIiroHaIbHEl OZHOPOAHBIM KOOPAUHATAM 0CO00M TOUKU

S=(So: 8% . 1S)=(flo fh. ivn)=(fg’j: \1’]-:...: ;’lj)

KBaJIpUKU S. DTO O3HA4aeT, YTO C TOYHOCTBIO [0 YMHOXEHUA Ha He3aBUCALIYIO OT i, j KOHCTaHTY
Vo _ — —

fij = §;Sj, 1 ycioBue Kacanus (20-6) mpeBpaniaeTcs B paBeHCTBO Zij qijsiSj = q(s) = 0, T.e.B

yCJIOBHE NPOXOXKAEHNA KBaZPUKHU Q 4epes TOUKY S. (|

CJIEACTBYE 20.1
[Ipamas (PQ) C P(S2V*) xacaeTcs TUTIEPITOBEPXHOCTH OCOOBIX KBaZIpUK X B TOUKE Q € X eciu U
TosbKO eciu P N Sing Q # @. Eciu xe Sing P N Sing Q # &, To npaMas (PQ) nexxut Ha X.

JIOKA3ATE/ILCTBO. Eciiu Q AB/IAETCA IaJKON TOYKOM TUIEPIIOBEPXHOCTH X, TO IEPBOE YTBEPKAEHUE
saBisgeTcs nepepopmyaupoBkoit npeai. 20.2. Eciu Touka Q € X ocoba, To dim Sing Q > 1, u mrobas
nexkamias B Sing Q mpsAMast epeceKaer Jio0yio KBaJpuky P, a mobas mpamas (PQ) KacaeTcs TUIIep-
ITOBEPXHOCTH X B TOYKe Q, T.e. IEPBOE YTBEPXKAEHUE ABIAETCA B 9TOM CJydae TaBToJorHel. Eciu
Sing P N Sing Q # @, To Bce kBaZipuku myuka (P Q) ocobbl B Toukax nepecevenus Sing P N Sing Q, mo-
CKOJIbKY HEHYJIEBON BEKTOD, JeXKallui B sipe KOPPeAlnii, OTBeYaloIuX KBaZpukaM P U Q, JIEXKUT
B si7ipe U JIT000H TUHEHHON KOMOMHAIIUN STUX KOPPEIALIUA. O

YIIPAXXHEHUE 20.6. [IpuBeauTe mpuMep mydka L ocoObIx KOHUK, B KoTopoM Sing P N Sing Q = @
ansaBcex P,Q € L.

[TPUMEP 20.3 (KJIACCU®UKAIIMA HEBBIPOXKIEHHBIX [TYYKOB KOHUK)
[Ipun = 2 ocobrie kKouukn Ha P, = P(V) 06pa3yroT KyGUIECKYIO TUIIEPIIOBEPXHOCTE B Py = P(S2V*)

Y ={qePg| detq=0}.

[magxyMy TOYKaMU TUIIePIIOBEPXHOCTU X ABIAIOTCA paciaBliriecs KOHUKH, 8 OCOOBIMU TOUKaMU '~
MEPIIOBEPXHOCTHU X ABJIIOTCA JBOMHBIE TpsiMble. [Ipsimast obiero mosoxenus L C [Py TpaHCBepcasb-
HO IlepeceKaeT IMIEPIIOBEPXHOCTD X B TPEX €€ IIaKUX TOYKaX U IPeCTaBIIIET COO0I0 IPOCTOH Ty40K
KOHMUK, Kak Ha puc. 2005 Ha cTp. 249. Eciu npsmas L kacaetcs X B IaZKol Touke S = €4 U £,, To
oHa 160 6oJblile HUTZE He TlepeceKaeT X, ¥ B 9TOM CJIydae KpaTHOCTh IepecedeHus X ¢ L B Touke S
paBHa 3, b0 mepecekaeT X ¢ KpaTHOCThIO 1 eIrié POBHO B OAHOM, aBTOMATUYECKU TVIaJKOH TOUKe.
OTHU C/Iy4au peaIn3yloTCA IIyYKaMU KOHUK, IIPe/CTaBIeHHBIMU Ha puc. 2002 Ha cTp. 247 u puc. 2004
Ha cTp. 249, npu4yéM TOoYKe KacaHusd L ¢ X Bcerza oTBedaeT paclaBliasacs KOHUKA ¢ 0COOeHHOCTHIO B
6a3ucHo Touke myuka. Ecyu npsaMas L mpoxoauT yepe3 0cobyio TOUKY S = 24 IHUIIepIOBEPXHOCTHU X,
BO3HUKAeT Ta Ke aJbTEPHATUBA: eCIM KpaTHOCTh IlepecedeHys X' U L B Touke S paBHa 3, To L 6osbIe
HUT/Ie He TlepecekaeT X U BhIVIaJUT Kak Ha puc. 2001 Ha cTp. 247, eciu e 3Ta KpaTHOCTb 2, TO L
IepecekaeT X elré poBHO B OZHOM ITIaZIKOM TOUKe C KpaTHOCTBIO 1, Kak Ha puc. 2003 Ha cTp. 248.
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20.5. PerynsgpHble IMyYKU KBaJpUK. HeBBIpOXJeHHBIN Mydok KBaZpuK (Q,Q,) Ha P, HasbIBaeTcA
pe2yNsAPHbIM, €CTTU KPATHOCTD K&XKA0M TOYKH ero ClieKTpa POBHO Ha eVHUILY 60JIble pa3MepHOCTH
IIPOCTPaHCTBA OCOOBIX TOUEK OTBEYAOIIel 5TOM TOUKe 0cO0O0 KBa[pUKH, T. €. KOTZa

dim Sing(Q;) = mult(d) — 1 gmascex A= (4, : 44) € P,.

OTo o3HauaeT, YTO paHT MaTpullel ['pama Ay,q, + 4G, B KakzAo# Touke A € P, mazaeT B TOYHOCTU
Ha KPaTHOCTb KOPHA t = A XapaKTepUCTUYECKOTO MHOTOWIEHA X g, 4, (o, t1) = det(toqo + t1qq).
W3 Bcex paccMOTpeHHBIX B N° 20.2 HEBBIPOXK/EHHBIX ITyYKOB KOHUK PETYIIPHBIMU SIBJITIOTCS TOJNBKO
IIy4KH, IpeAcTaBaeHHble Ha puc. 2005 u puc. 2003.

TEOPEMA 20.1

Hap anrebpanvecku 3aMKHYTHIM mosieM Kk /17151 1060T0 pery/sipHOro mydka kBaapuk B IP(V) HatizéTcsa
TaKoM 6asuc mpocTpaHCcTBa V, B KOTOPOM MaTpuIlsl [(paMa BceX KBaIpHK U3 MyYKa OZHOBPEMEHHO
AViarOHaIbHBI.

JIOKABATE/IBCTBO. [IyCTh Iy4OK MOpoXKAaeTcsa kBaapukamu V(g) u V(f), rae dopma g Heocoba. Cie-
iy penienty u3 n° 14.2.4 Ha cTp. 173, conocTaBum dpopMe f aBTOAyaNbHbIH! OTHOCUTENILHO CKaIsAp-
HOTO TIpOM3BeZieHNA § Ha V JMHeHHbI omepatop @ = §~1f : V — V, 0AHO3HAYHO 3ajalomuiics
TeMm, uTo g(U, W) = f(u, w) asid Bcex U, W € V. [lockonpKy MaTpula ¢ oneparopa ¢ BeIpaXaeTcsa
yepes marpuilpl 'pama G, F KBaZpaTU4HBIX GopM g, f 110 popmysie @ = G~ 1F, xapaKTepUCTUIECKHAN
MHOTOWIEH X ,,(t) = det(tE — @) = det(tE — G™1F) = det G™1 det(tG — F) omepaTopa ¢ CBA3aH C

XapaKTePUCTUIECKUM MHOTOYIEHOM X (g r)(to, t1) = det(toG + t F) my4xa KBaapuK no Gpopmyse

Xo(t) =det G™1 - x(rg)(—to/t1,1).

[TosTomy kBazpaTudHas ¢popma F — AG BBIPOXKZEHA €CJIU U TOJBKO ecsiy yuciio A € k apinsercs cob-
CTBEHHBIM 3HaUYeHHEM oneparopa . Tak Kak paHT MaTpuIbl AG — F paBeH paHry MaTpuisl AE — @ =
= G Y(AG — F), pasMepHOCTb COOGCTBEHHOrO HoAnpocTpancTa V, = ker(AE — &) omeparopa ¢
COBIIAZIaeT C pa3MePHOCTHIO AApa KBaApaTUIHOHN ¢opMEl F — AG, KOTOpas 0 YCIOBUIO TEOPEMEI B
TOYHOCTU PaBHa KPATHOCTH KOPHA (8o @ t;) = (=4 ! 1) MHOrowieHa x4y (to,t;). Takum obpa-
30M, CyMMa pa3MepHOCTeH cOOCTBEHHBIX IOAIPOCTPaHCTB V) oneparopa ¢ paBHa dim V. TIoCKOTIBKY
o ymp. 15.7 Ha cTp. 190 Bce coO6CTBEHHBIE MOAIPOCTPAHCTBA CAMOCOIPSKEHHOTO OIIEPATOPa OPTO-
rOHaJIbHEI ZIPYT PYTy OTHOCUTENTHHO CKa/IPHOTO TPOU3BEeHHs g, TPOCTPAHCTBO V ABNsAeTcs §-op-
TOTOHAJBHOH MPAMOI CyMMO¥ cOGCTBEHHBIX IIOATIPOCTPAHCTB V; omeparopa ¢. Beibupas B KaXX1oM
MOATIPOCTPAHCTBE V; OPTOTOHATBHBIN 6a31C KBaZAPaTUIHONH GOPMEL g, MBI IToTy4aeM B V 6asuc, rae
06e GopMEI g U f UMEIOT JuaroHaIbHEIE MaTpULLI 'paMa, Ipu4éM Ha JuaroHaayu MaTpuisl F 6yayT
CTOATb COOCTBEHHBIE 3HAYEHUS ollepaTopa f WIH, YTO TO JKe caMoe, B3STble C OOPAaTHBEIM 3HAKOM Xa-
pakTepucTHYecKue Ynucia ty /t, myuka (GF). Bce dopMmel Ag + uf Takke OyAyT ZUATOHAIBHEL B 3TOM
6asuce. U

CJIEACTBUE 20.2 (M3 JOKA3ATEJIBCTBA TEOP. 20.1)

Eciu kBagpatryHas ¢opMa f Ha BEKTOPHOM IIPOCTPAHCTBE V HaJ IPOU3BOJIBHEIM TosieM Kk xapak-
TepucTuky char k # 2 umeer gmaroHasnpHyI0 MaTpully ['pama B OpTOHOpMalabHOM Oasnice HeBHI-
POXZEHHOHN KBaJpaTUYHOU GOPMEI g, TO AUArOHAIbHBIE 3JIEMEHTHl 3TOU MaTPULBI CyTh COOCTBEH-
Hble YHcIa JIMHEeHHOro oleparopa @ = §_1f: V — V, KoTOpHIHl OZHO3HAYHO 3aaéTcA TeM, 4TO

1Cm. n° 15.6 Ha cTp. 190.
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~

fu,w) = g(u, ew) anascexu, w € V.IIpusToM cam 6a3KC COCTOUT U3 COGCTBEHHBIX BEKTOPOB OIIe-
paTtopa ¢, ¥ KOJIMYeCTBO TOSABJIeHUI KaXKI0ro COOCTBEHHOT0 YMC/Ia Ha [UaroHaau MaTpulibl I'pama
PaBHO pa3MepHOCTH COOTBETCTBYIOIIEr0 COOCTBEHHOTO MOAIPOCTPAHCTBA. B 4aCTHOCTH, IMarOHAJb-
Has MaTpuiia 'pama GopMbI f ¢ TOYHOCTHIO /IO TePEeCTaHOBKY JMaroHabHBIX 3JIEMEHTOB He 3aBUCUT
oT BeIOOpa 6a3uca, OIHOBPEMEHHO OPTOHOPMAIBLHOTO /JIs1 § ¥ OPTOTOHANBHOTO A f .

TEOPEMA 20.2

JlBa peryyiApHbIX ITyYyKa KBagpuK B IP,, Ha anrebpanuyecku 3aMKHYTBHIM TIoieM kK mepeBo/isITCS OH B
JIPYTOM JINHEHHBIM IPOEKTUBHBIM aBT0M0p<1)1/13MOM1 [P,, ecu ¥ TOJIBKO eCIU UX CIIeKTPHI, IOHUMae-
MbI€ KaK HEYTOPsZ0ueHHbIe MHOXKECTBA 13 N1 He 00513aTeIbHO Pa3IMYHbIX ToYeK Ha [P, , mepeBoaATCA
JpYyT B ApyTa ApoOHO JTUHEHHBIM aBTOMOpdu3MOM [P, .

JJOKABATE/ILCTBO. BbiGepeM B mepBoM MyUKe MIaAKYI0 KBaapuky V(g’) u paccmorpum B V 6asuc e’, B
KOTOPOM BCe KBaZIpUKU [IEPBOT'0 IIyYKa UMeIOT JUaroHaJbHble MaTpULEI [ pamMa, IpU4éM HOpMUpPYeM
€ero Tak, urobsr MaTpuiia I'pama Gpopmsl g’ cTana eAMHUYHON. PaccMOTpuM /06YI0 OTIUYHYIO OT g’
dopmy f’ u3 mepBoro myuka 1 0603HauuM depe3 F’ eé maTpuiy 'pama B 6azuce e’ . B jokasaTenbsCcTBe
Teop. 20.1 MBI BUJEH, YTO AWaroHaIbHbIE 3JIEMEHThI MAaTPUIIHL F/ ABIAIOTCA KOPHAMY MHOTOWIEHA
det(tE — F'), T. e. COCTaBJIAIOT B TOYHOCTH CIIEKTP IIEPBOTO ITy4Ka. II0CKOJIBKY OH COBIIaZIAET CO CIEK-
TPOM BTOPOTO ITy4IKa, BO BTOPOM ITyUKe KBaZpaTUIHBIX hopM umeeTcs 6asuc u3 Takux dopm g”, f”,
9TO KOPHU MHOTOYIEHA X gn pr (¢, 1) COBIIAAAIOT C KOPHAMY MHOrowIeHa det(tE — F'). V3 aToro BhiTe-
Kaert, uTo dopMa g” HeBBIpOXKJEHa, U B IpocTpaHcTBe V cymiecTByeT 6a3uc e”, B KOTOpoM MaTpuIia
I'pama ¢opmbl g” eaunuyvHas, a popma f” MMeeT AuaroHasbHYI0 MaTpuily F” ¢ AuaroHaJbHBIMU
aJIeMeHTaMH, paBHBIMU KOpHAM MHoTOowIeHa det(tE — F'). Takum ob6pa3om, matpuiia F” B 6asuce e”
coBrmagaeT ¢ Mmarpuileii F’ B 6asuce e’. [IpoekTuBHBIH usomopdusm P, = P, mepeBozaamuii 6a-
3uc e’ B 6asuc e”, mpeobpasyeT 6azucHbie KBaZipaTuaHble GopMbl g’, f' mepBOro myuKa B 6a3ucHbIE
kBazparuynbie popmel g”, f” Broporo. CieoBaTenbHO, OH TpeobpasyeT kaxkayio dopmy Ag’ + uf’
mepBoro ny4ka B opmy Ag” + uf"” Broporo. O

ITPUMEP 20.4 (ITIPOCTBIE ITYYKH)

[Ty4ox kBagpuk Ha [P, Ha3pIBaeTCAa npocmosim, €CIU ero CIIeKTP COCTOUT U3 (1 + 1) pa3JIUMyHBIX TOUeK
Ha IP; . TakuM ob6pa3om, Kaxkas ocobast KBafjpyuKa MPOCTOro IyYKa UMeeT POBHO OHY 0COOYI0 TOUKY
Y eINHUYHYI0 KPaTHOCTD B CIIeKTpe. B yacTHOCTH, KaXXJbIil IPOCTOU IIy4YOK peryyfapeH, U Bce KBaJpu-
KU B HEM OJJHOBPEMEHHO UarOHaIU3YIOTCS B HEKOTOPOM Oasuce. JIBa MPOCTHIX MyYKa MEePEBOAATCS
OJIH B ZIPYTOM TPOEKTUBHBIM IIpeobpa3oBaHMEM TOT/A U TOJIBKO TOT/Ia, Korja n+1 Touek Ha [P, , oTBe-
YarIUX 0COOBIM KBa[pUKaM IEPBOTO MyYKa, TIEPEBOAATCA APOOHO TUHENHBIM aBTOMOpdu3Mom Py
B + 1 TOYeK, OTBEYAIOIIMX 0COOBIM KBa[puKaM BTOPOTO.

TEOPEMA 20.3
I[Tygoxk kBazpuK (P Q) Haj anrebpandecKy 3aMKHYTHIM I10JIeM IIPOCT €CJIU Y TOJIBKO €CJIH ero Oa3HCHbIe
KBa/IPUKHU [TlepeceKaloTcs TPaHCBEPCAIbHO, T. e. codimT,P N T, Q = 2 B KaXkgoi Touke a € P N Q.

JIOKABATEILCTBO. PaccMOTpUM B IIpocTpaHCTBe KBaApuk Py = P(S2V*)na P,, = P(V) runeprosepx-
HOCTb 0COOBIX KBaL[pI/IKZ 2 = V(det) C Py. Ilpamas (PQ) C PPy mepecekaeT 'MIeplIOBEPXHOCTD X
MeHBIIE, 4YeM IT0 11 + 1 TouKaM, eCc/Ii U TOJIbKO €C/IU OHa KacaeTcs X B OfHOU u3 Toduek S € (PQ) N X.

IT. e. cymecTByeT Takoil IMHEHHEIA TPOEKTHBHEIH aBTOMOPQU3M IP,,, KOTOPHI 6HEKTHBHO OTOGpaKaeT
KBaJIPUKY OZHOTO ITy4YKa Ha KBaZPUKU BTOPOTO.
2CmM. dopmyiy (20-5) Ha cTp. 252.
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HeTrpancBepcasbHOCTE IepecedeHus kBaZpuk P = V(f)u Q = V(q) B Touke a € P N Q o3Hauaer,
YTO KOBEKTOPHI f(a) ¥ () IPOTIOPIIHOHAIBHBI .. B 3TOM c/Tydae Bce KOBEKTOPHI iz\(a) ch= AP+ uq
TIPOIIOPITMOHANBHEI IPYT APYTY, T. €. t00ObIe ZIBe KBaZPUKK U3 Tyuka (P Q) TiepeceKaloTcs B TOUKE
He TPAaHCBEPCAJbHO, U MTyYOK COAEPKUT KBagpuky S = V(h) c ﬁ(a) = Af(a) + ug(a) = 0, T.e.
ca € SingS. Torza P N SingS # @ u npamas (PQ) kacaeTcs rUIeploBEepXHOCTH X B TOUKe S 110
o1. 20.1. 3HauuT, y4oK He mpocT. Haoboport, ecyiu mpsimasi (P Q) KacaeTcs TUIEPIIOBEPXHOCTU X B
Touke S, To P N Sing S # @ u nepecedyeHue P N S He TpaHCBepCAJIbHO BO BceX Toukax U3 P N Sing S.
Ho Torga u nepeceuenue P N Q Toxe He TpaHCBEPCaJbHO B 3TUX XKe TOUKaX B CHJIy CZIeJIaHHOTO BhIIIe
3aMevyaHwusl. O

1HpI/I 3TOM OAWH N3 HUX (HO HE o6a) MOXKET OGpaTHTCH B HYJIb — 3TO O3HAYaeT, 4YTO OAHa U3 KBaZIpUK ocoba
B TOUKE Q4.



OTBeThI U YKa3aHudA K HEKOTOPBIM yIIpaXKHEHHUAM

ymp. 20.1. B gokasaTenbcTBe jieM. 20.2 Ha cTp. 248 MBI BUZIEH, YTO KOHUKH, KacArOIIMecs IpsMon ¢
B TOuKe p € ¥, 06pa3yloT B IIPOCTPAHCTBE KOHUK [Py MOAIPOCTPAaHCTBO Kopa3MepHocTH 2. OHO Te-
pecekaeTcs C IByMs FMIIEPIUIOCKOCTSIMU KOHUK, ITPOXOASAIINX Yepe3 TOUKH C, d 110 KpaiHel Mepe 1o
npsmoii. Eciiu 6bI IepeceveHrie UMeJIO pa3MEPHOCTh XOTs OB 1Ba, TO Yepes JoOble ABe TOYKY Ha [P,
poxo/uiia Obl KOHUKA, OHOBPEMEHHO COZIepKallas TOUKYU C, d U Kacarolasics MpsMoii £ B TOUYKE P,
YTO HE TaK: BO3bMEM OZIHY M3 TOUEK Ha mpsamoii (cd), a Apyryo — BHe (cd) U £. OmucaHue oco6bIx
KOHUK B 3TOM ITyYKe OYeBU/HO.

Yiip. 20.2. YcIoBHe IPOXOXKAEHUA Yepe3 TOUKY 33/1aéT B IIPOCTPAHCTBE KOHUK I'MITepIUIOCKOCTh. Ecin
HUKaKWe TPU U3 YETHIPEX TOYEK HE KOJUTMHEAPHBI, STU TUIEPIUIOCKOCTH JUHEWHO HE3aBUCHMBI, T. K.
yepe3 JioOble TPU U3 TOYEK MOXKHO IPOBECTH PACIABIIYIOCSI KOHUKY, He IPOXOZAIIYIO Yepe3 YeTBED-
Ty TouKy. ClieJ0BaTeNbHO, KOHUKH IIPOXOJSAIINeE Yepe3 TOYKY a, b, ¢, d, HUKaKue TpU U3 KOTOPHIX
He KOJUTMHeapHEI, 00pa3yloT My4oK. DTOT IIyYOK COAEPKUT TPU PACHaBIINXCSI KOHUKY, 0Opa30BaHHbIe
IapaMy IIPOTUBOIIOJIOXKHBIX CTOPOH YeTHIPEXBEPIINHHUKA abcd.

yiip. 20.4. ITo pezu. 18.2 Ha cTp. 224 xouuka C(€, L) pacragaercs B o6beuHenue npsamoit €/ = (s t;)
U elé OfHOW MPsMOIi eC/IM U TOJBKO ey romorpadus ts—t: s = tf mepeBoaut npsmyio ¢’ B
cebs. [ocnenHee 03HaYaeT, YTO B Iyuke L MMeeTcs KOHUKA C, OTHOCUTENbHO KOTOPOU mpsimas £’
OJHOBPEMEHHO SIBJISIETCS TOIAPOI U TOYKU S U TOUKH t. Ho Takoe BO3MOXKHO TosbKO ecyiu C = £ U4/,
a B 3ToM ciy4ae £ MpoxouT yepes ocobyto Touky £ N £’ kouuku C.

Ymip. 20.6. [Iy4ok pacHmaBIIUXCs KOHUK, SIBIAIOMIUXCSI 0ObeIUHEHHEM HPsAMOM, mpoberaroleil myJoK
MIPSIMBIX, IIPOXOJAIINX Yepe3 HEKOTOPYIO TOUYKY P, U €llé OZHOM NMPSMO#, He MPOXOSIIell yepes p.
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