§11. Kommno3sunuoHHble GpaKTOPhI, IPOU3BEAEHNA U CUIOBCKUE IO PYIIIIbI

11.1. IIpocTsie rpynmel. Ipymnna G Ha3bIBAETCS NPOCMOIL, €CJIU OHA HE COAEPKUT HOPMAaIbHBIX MO/
T'PYII, OTJIMYHEIX OT {e} u G. Hanpumep, yno6ast rpyIina MpoCcToro MopsJKa MpoCcTa, HOCKOJIBKY 10
TeopeMe ]IarpaHma1 BOOOIIe HE COAEPKUT HUKAKUX moArpynn kpome {e} u G. Cormacho ci. 10.1
Ha cTp. 175 mpocToTa rpynmnbl G paBHOCWIbHA TOMY, YTO BCAKUM romomopdusm G — H b0 MHB-
eKTUBEH, 1160 TpuBHManeH>. OIHUM U3 BHAIONIMXCH JOCTIDKEHMH MaTeMaTHKU XX BeKa ABJIACTCH
Hepevrc/ieHre BceX KOHEYHBIX IIPOCTHIX IPYIIL. DTOT CIIMCOK COCTOUT U3 HECKOJIBKUX G6ECKOHEYHBIX
cepuil U 26 Tak Ha3bIBAEMBIX CNOpaduueckux 2pynn, He BXOAAIIUX B cepuu. becKoHeUHbIe cepud Jie-
JIATCS Ha TPU CeMelCTBa: IUKINYecKre rpynisl Z / (p) MpoCcToro nopsaKa, 3HaKoIlepeMeHHbIe TPYII-
nsl A, ¢ n # 4 1 mpocTele JIMHelHHbIe aarebpandecKye IPYIIIE Hajl KOHEYHBIMU NOAMU®, TaKKe
Kak PSLn(IFq), PSOn(]Fq ), PSpn([Fq) U T. 1. Onucanye KOHEYHBIX IPOCTHIX IPYIII CTAJI0 UTOTOM COTEH
PaboT AeCATKOB aBTOPOB 110 PA3JMYHBIM, HAMPSIMYIO He CBS3aHHBIM JIPYT C APYTOM HalpaBIeHUAM
MareMaTUKu. Hukakoi yHUBepcaIbHOM KOHIIEMIINY, TTO3BOJAIONIEH eIMHOO06Pa3HO KIaCCUPUITHPO-
BaThb BCe KOHEYHbIE [TPOCThIE I'PYIIIIBI HE U3BECTHO.

11.1.1. IIpocToTa 3HaKOIIepeMEHHBIX rpyilL. [Toka)keM, YTO 3HaKOIlepeMeHHas rpymna A mpo-

cta. Tak Kak TIepeCTaHOBKHU COIIPAXKEHBI €CJIN Y TOJIBKO €CJIN Y HUX OZ[I/IHaKOBbeI HPIKJIOBOIZ TI/Il'I4, Kjac-
ChI COl'[pH)KéHHOCTI/I YETHBIX IIepeCTaHOBOK B SS COCTOAT U3 ITePpECTaHOBOK JUKJIOBBIX TUIIOB

-+ EE\ v (11-1)

(5-IMKJIBI, 3-I[UKJIBL, TTAPhl HE3aBUCUMBIX TPAHCIIO3UIUI 1 TOXKAECTBEHHOE NMPeobpasoBaHme), KOUX
MIMeeTcA® COOTBeTCTBeHHO 24 = 5!/5,20 =5!/(3-2),15=5!/(2%-2)ul.

YIPAXKHEHME I1.1. [TOKaXXUTe, YTO KJlacC CONPSKEHHOCTH YETHON NIepeCcTaHOBKU g B S,, MO0 COB-
nazaet c e€ KJ1accoM CONPSDKEHHOCTH B A,,, 1160 ABnAeTca 06 beJMHEHIEM ABYX KJIACCOB COTIPA-
*KEHHOCTU B A,,, IPUUEM BTOPOE NIPOUCXOAUT €CJIU U TOJNBKO eCIU Bce IIUKJIbI IepecTaHOBKHU g
HMMEIOT pa3Hble HEUYETHBIE IMHEI.

Mp&r 3akiIt0yaeM, 9TO 3-I[UKJIbI, Taphl HE3aBUCUMBIX TPAHCIO3UIIUH U TOXK/IECTBEHHAS IIepeCTaHOBKa
ABJIAIOTCA KJlaccaMU CONPKEHHOCTHU B A, a 5-IIUKJIBI pa3bUBaloTCA Ha IBa Kjlacca CONPKEHHOCTH
B A, cocrosmue u3 12 NUKIIOB, CONPMKEHHBIX |1, 2, 3, 4, 5), u 12 uukiioB, conpsyxkénnsix |2, 1, 3, 4, 5).
[TockonpKy HopMasbHas noarpynmna H < A BMecTe ¢ ka0 IlepecTaHOBKOM COEPKUT U Bee elf co-
npsoxéHHble, e€ opaznok |H| = 12e; + 12¢, + 205 + 15¢, + 1, re Kaxablii €; paBeH 6o 1, 1160 0,
Ipu 5ToM 110 TeopeMe Jlarpamxa |H| gemut |[Ag| =60 =3-4-5.

YIPAXKHEHMUE I1.2. YO€AUTECh, 9YTO TaKOe BO3MOXXHO POBHO B ZIBYX CIy4adx: Korja Bce €; = 1 wmm
korzaBee g; = 0.

Tem caMbIM, B A HEeT HETPUBUATIBHEIX COOCTBEHHBIX HOPMAIbHBIX ITOATPYIIL

1Cm. Teop. 10.3 Ha cTp. 184.

Tee. OTOOpaKaeT BCIO rpymiy G B eIUHULLY.

3Omucanuio TaKUX TPYIN MOCBAMIEHE! CHEIKYPCH MO JHUHEHHEIM anre6pamdecKuM M apHbMeTHIecKIM
rpymnnam, Halpumep, cM. KHUTY [oc. Xam@pu. JTureiinble anzebpauueckue epynnst. M., «Hayka», 1980.

4Cm. mpum. 10.15 Ha cTp. 181.

>Cw. ymp. 10.8 Ha cTp. 170.
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TEOPEMA II.I
Bce 3HakonepeMeHHbIe TPYNIEI A, €7 > 5 MIPOCTHL.

JJOKABATE/BCTBO. MHAYKIMA 110 n. Ciydait n = 5 65U1 pa3obpaH Bhille. PacCMOTPUM HOPMATbHYIO
noarpynmy N < A,,. Tak kak crabmrusarop aneMeHTa 1 B rpymme A, usomopdeH A,,_;, ero nepe-
cevyenue ¢ N, 6yAy9r HOPMaJIbHON IIOATPYIIIOH B A,,_,, IN0O0 coBagaer ¢ 4,,_,, 160 TPUBUAIBHO.
[TockoJBKY CTaOMIN3aTOPEI BCEX DJIEMEHTOB COIPSDKEHEI, moAarpynmna N aubo coaepKUT cTabmin3a-
TODHI BCeX 7IEMEHTOB, 60 JieiicTByeT cBo60AHO . B mepBoM cirydae N COEpKUT Bee 3-IIUKJIE 1 TI0
ymp. 10.30 Ha cTp. 187 coBnazaert ¢ A,,. PaccMoTpuM BTOpPOH CIy4ail ¥ JOIIyCTUM, YTO N COAEp:KUT
HETOXX/IECTBEHHYIO [IePeCTAaHOBKY g. Tak Kak OHa /IeHCTByeT 6e3 HEelOABIDKHEIX TOYEK, Ipun = 6
HaliyTcA Takye pa3aIndHble aieMeHTH {1, 1, j, k,£,m}, uto g(1) = i u g(j) = k. ConmpaAras g UUKIOM
|k, £, m) € A,, nonydaem nepectraHoBky h € N ¢ h(1) = i u h(j) = £ # k. [lepecranoBka gh™* € N
He TOX/IeCTBEHHA U ocTasiAeT 1 Ha MecTe. [IpoTuBOpeyne. U

11.1.2. TIpocrota rpynn PSL,, (k). ®akTop nosHoH JMHeHOM IPYIIEI KOOPAUHATHOTO BEKTOP-
Horo npocTpaHcTBa k™ 1o eé meHTpy, cocToAIEeMy U3 CKaaapHbIX MaTpul AE, rae 1 € k*, Hasbl-
BAeTCA NpoekmueHoil uHeiinoll zpynnoii u o6osnadaetcs PGL, (k) £ GL, (k) /k* - E. DTa rpynna
€CTECTBEHHBIM 06pa3oM JefCTBYeT Ha MHOXECTBE OZIHOMEPHBIX BEKTOPHBIX TIOATIPOCTpaHCTB B K™,
KoTopoe ob6o3Hagaetcs P,,_, (Ik) 1 HasbiBaeTes (n — 1)-MepHbLM NPOEKMUBHBLM NPOCMPAHCMeom> Hajl

noseM k. COCTOHmaH 13 KyIaCCOB IIPOIIOPIHYOHA/TIbBHBIX MAaTPUI] OIIpEAEIUTEIIA 1 nmoArpyImia
PSLy, (k) = SL(K) / (k) - E C PGL,(K),

rae p,(k) C k™ — MynbTUIUIMKaTHBHAS TPyIIIa KOpHeH n-Toi crenenu u3 1 B nose kK, HasbBaeTcs
cneyuanbHoU MPOEKTUBHOM JTMHEMHOW TPYTIIIOHN.

3

VIIPAYKHEHUE II.3. YOoeauTech, 4TO PSL,, AelicTByeT 2-TpaH3uTuUBHO” Ha IP,,_;.

Ecmulk = F; cocToUT U3 q 57IeMEHTOB, TO MY/IBTUIUIMKAaTUBHAA 'PYIIIA IF; LMKJINYecKas nopsaka q—1
Y KOpHM ypaBHeHMsA X™* = 1 06pasyioT B Hell UKIMIECKYIO TIOATPYIIY mopsaaka Hoza(q — 1,n).
YIIPAXKHEHMUE 11.4. Y6eauTech, KopHU ypaBHeHus nx = 0 B Z /(M) cOCTaBAAIOT HUKINIECKYIO TTOA-
IpyIIILy opsAKa HoZA(m, n).
Taxum 06paso, | PSL,, (F,)| = | SL,(F,)| /uoa(q — 1,n) = [Tr_o(a" — )/ ((q — 1) Hoa(q — 1,n)).

TEOPEMA 11.2
Bce rpynmnel PSL,, (k) pocTsl, 3a HCKTIoueHneM? PSL,(F,) = GL,(F,) ~ S; u PSL,(F;) ~ A,.

JJOKA3ATENBCTBO. O603HaUUM 4Yepe3 P C PSL,, cTabHIM3aTop OFHOMEPHOrO IIOANIPOCTPAHCTBA, I10-

POXXAEHHOTO [IEPBLIM BEKTOPOM CTaHAAPTHOIO 6asuca ey, ... , e, B k™. Ipynmna P COCTOUT U3 KJIACCOB
MIPOITOPILIMOHATBHBIX MATPULL BUZA

(11-2)

T, e. HUKAKOH OTIMYHBIH OT e[IUHULIBI 3JIeMeHT He HMeeT HelloABIKHBIX Touek, cM. n° 10.4 Ha cTp. 178.
2Cm. cTp. 204 u 222 xypca http://gorod.bogomolov-lab.ru/ps/stud/geom ru/2122/lec total.pdf.
e TPaH3UTHUBHO AeUCTByeT Ha yIOpsAAOYeHHBIX Tapax Touek, cM. n° 10.4 Ha cTp. 178.

4Cm. ymp. 10.32 Ha cTp. 187.


http://gorod.bogomolov-lab.ru/ps/stud/geom_ru/2122/lec_total.pdf
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compegenuTeseM 1 v coiep:KUT HOPMaIbHYIO abesieBy HoATpyIIry A <|P MaTpull, IPOIOPLIUOHATBHBIX

1 az cee an

01

. =E+ayE, +...+ayE,,
010 1

KoTopas ABIAeTcA AApoM romoMopdusma P — PGL,,_, , nepeBogsmero Marpuiy (11-2) B e€ npasyio
HIDKHIOKO YIVIOBYIO MoAMAaTpully pasmepa (n — 1) X (n — 1).

YIIPAXXHEHUE 11.5. Y6eAUTeCh, 9TO 3TO U B CAMOM Jiejie F'OMOMOpGU3M I'PYIIIL.

Tak kak noarpymnmna A coAep:KUT Bce TpaHCBeKIMY Buza T, j(a), conpskEHHBIE el ToArpynIsl gA g‘l,
rae g € PSL,,, cogepxar BOOOIIE BCE TPAHCBEKIINU U nopoxc,aamT1 PSL,,.

YIPAXKHEHVE 11.6. Y6eauTecs, uto T;j(a) = ngj(a)g_l, rae g € SL, nepeBoguT e, Be;,ae; B —e,,
OCTaBJIAAsl BCE OCTaJIbHBIE Oa3MCHBIE BEKTOPHI HA MeCTe.

MBI 3aKJIFOYa€eM, YTO TPOM3BE/IeHHs 37IeMEeHTOB Biuaa gag ~,a € A, g € PSL,, ucuepmneiBaior PSL,, .

PaccmoTpuM Terneph OTIMYHYIO OT €4UHUYHON HOpMaabHyo noarpymnmny N < PSL,. IIpocTpaH-
cTBO P,,_; ABJAETCA AU3BIOHKTHBIM 00be/IMHEHNEM OPOUT NOATPYNIIEL N, U B CHIy HOpMaJbHOCTU N
KaXabIH a71eMeHT g € PSL,, nepeBoguT N-opOUTY TOYKU X B N-OpOUTY TOUKH gx, 16O

y=hx < gy=(ghg Hgx.

Taxum obpazom, rpymnna PSL,,, ¢ 0HOM CTOPOHEL, He MOJKET IlepeBeCTH Napy TOUYeK, JeXKaIlNX B OZHOH
N-opbuTe, B mapy To4ek, JeXXalux B pa3HbIx N-opbUTax, a ¢ Ipyroil CTOpoHsl, AeHCTBYeT 2-TpaH3u-
TUBHO 110 yIIp. 11.3 Ha cTp. 189. Takoe BO3MOKHO, TOIBKO ec/iii N-0pOuTa BCero ofHa, T. €. JIs1 II000ro
g € PSL, cymectByet Takoe h € N, uto ge, = he,, oTkyra h"'g € P u g € hP. Mpl 3aKmodaeM,
4yTto PSL,, = NP = PN. IloCKOIbKY COIIPsKEHMe 3ieMeHTaMu U3 P octasiaer nmoarpynny A <1 P Ha
MecTe, KaX/Iblii a/ieMeHT u3 PSL,, AB/AeTcA IpOM3BeieHneM 2eMeHToB Bua hah ' ca € A,h € Nu
B cuy paBeHcTBa AN = NA nexut B AN. B nipum. 10.23 Ha cTp. 187 MBI BUZienn, 4TO Bee IPymnsl SL,
3a UCKJII0YeHUEM /BYX, YKa3aHHBIX B YCJIOBUU TEOPEMBI, COBIIAZAl0T CO CBOMMU KOMMyTaHTaMu. Ho
KOMMYTATOp 3JIeMeHTOB Buiaah ca € A, h € N B cuy abeneBoctu A ¥ HopMasnbHOCTU N JIeXXUT B N.

VIIPAYKHEHUE I1.7. YOeIUTECh B 3TOM.

[MosTomy PSL,, = PSL; = N BO BCeX CJIy4ax, KpOMe IBYX UCKJIIOUUTEIbHBIX. [l
11.2. KommnosuiuoHubie pakTopsl. KoHeuHast cTporo yosIBarolas ocjaef0BaTeIbHOCTh IOATPYIII
6§=G6,2G,2G,2...2G,_,2G,=1{e} (11-3)

Ha3bIBAETCSA KOMNO3UYUOHHBIM psidom Wi psioom Kopdana — [€nblepa TPy G, €U TIPU KaXKAOM i
noarpynua G, ; HopMaibHa B G; ¥ dakTop G;/G;  ; IPOCT. B 3T0i cUTyaly HeynopsAZ04YeHHbIH HAb0p
HPOCTHIX Py G;/G;, ; (B KOTOPOM BO3MOXHBI IIOBTOPEHNA) Ha3bIBaeTCA HAOOPOM KOMNO3ULUOHHbLX
Paxmopos (wm pakmopos Kopdara — [énwdepa) TPYIIHI G, a YUCIO N Ha3bIBaeTCsA OIUHOL KOMITO3H-
IroHHOTO psza (11-3).

1Cm. ymp. 10.33 Ha cTp. 187.
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[TPUMEP I1.I (KOMITIO3ULIIOHHBIE ®AKTOPHI S,)
BeIre MBI BUZiesIu, YTO CMMMeTpudeckas I'pymnmna S, UMeeT KOMIIO3ULIMOHHBIN pAf,

S, > A, >V, >T/(2) 1> {e},

B KoTOpoM A4, <1 S, — NOATpyIIa YETHHIX IepecTaHoBOK, V, <1 A, — noarpynmna Kietina, cocrosmas
13 TOXK/EeCTBEHHOH ITlepecTaHOBKY U TPEX IIepeCcTaHOBOK IIUKJIOBOT'O THIIA HE‘, a

Z/(2) <AV, ~7/2) ®L/(2)

J06as U3 TPEX NUKINIECKUX ITOATPYIII BTOPOTO MOPSZAKA, TOPOXKAEHHEIX HEeTUHUYHEIMU dJIEMEHTa-
Mu. TakuM 06pa3oM, CHMMeTpHUYecKas Ipymnia S, UMeeT KOMIIO3UINOHHEIE GakToprl Z/(2) = S, /A,,

Z/(3)=A,/V,, Z/2)=V,/(Z/2))uZ/(2)=7/(2)/{e}.

YNPAXKHEHME 11.8. Y6eautech, uto A, /V, ~ Z/(3).

TEOPEMA 11.3 (TEOPEMA YKOPAAHA — 'EJILAEPA)

Ecm rpymina G iMeeT KOHEYHBIM KOMITO3UIIMOHHBIN PsiJl, TO HEYTIOPAJ0YEeHHBIN HAabop ero GpaKkTopoB
He 3aBHCHUT OT BhIOOpa KOMIIO3UI[MOHHOTO psAzia. B wacTHocTH, Bee psizbl YKopaaHa —['énbaepa UMEOT
OZVHAKOBYIO JJIVHY.

JIOKA3ATE/IBLCTBO. [IycThb y rpyniisl G €CTh ABAa KOMIIO3ULIMOHHBIX psfa

G=Py 2P, 2P 2...2P,_ 2P, = (e (11-4)
6=0Q 20202 20m120n=le}. (11-5)

MbI cobupaeMcsi BCTaBUTh MEXY MOC/IeA0BaTEIbHBIMY YWIEHAMU 3TUX PAAOB JOTIOJTHUTENbHBIE 11e-
MTOYKK HECTPOTO YOBIBAIONINX MOATPYIII TaK, YTOOBI MOMYIUBIIUECT YAJUHEHHbIE PAIBI CTATH PaB-
HOW JJIUHBI, ¥ YCTAHOBUTb MEXKY UX TOCIeJ0BaTETbHBIMU GaKTOpaMU OUEKIIUIO, TIPU KOTOPOH CO-
OTBETCTBYIOIIHe APYT APYTY GakTope! 6yAyT n30MopdHEL [l 3TOro 3aMeHrM Kaxkz0e 3BeHo P; > P,
BepxHel nierouku (11-4) nenouykoit

Py 2(Q NPYPyy 2(Q;NPYPy 2 ... 2 Qe NPYPy 2 Piyq (11-6)

KOTOpas NoJIy4daeTcs IlepecedeHreM HIDkHeH Lenouku (11-5) ¢ moarpynmnou P; ¥ yMHOXKeHHEM Bcex
II0JTyYEHHBIX I'PYIII Ha HOPMaIbHYIO B P; moarpymuy P, ;. B mpez. 10.5 Ha cTp. 186 MBI BUZEIH, 4TO
ecu ioArpymnna H HopMmanmusyeT noArpyniy N, To NH = HN Toxe ABAgeTCA NOATPYIIION, TpUYEM
NH>N,H>(HNN)uHN /N ~ H /(H N N). [IpuMeHsIs 3TO K OATPYIIIIaM

H=QxnP, u N=(Qry NPYHPyy,,

Mel momydaeM HN = (Q, N P)P;., u HNN = (Qpy1 N P)(Q) N Piyq).
YIPAXKHEHME I1.9. YoeauTech, uTo H HopManusyeT N, 1 IpoBepbTe NOC/IeHIe JBa PABEHCTBA.

Taxum 06pasoM, (Q N PPy > (Qpyq N PPy, 1

QeNP)Pyy QNP

~ . (11-7)
Qrs1 NPIPi1 (Qryq NPH(Qp N Pyyy)
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I'pynna P;,; ABIA€TCA HOPMaJIbHOH IOATPYIIION BO BCeX Ipymnmax nenodku (11-6). dakropusys 1o
Hel, MmoyyJaeM LEeNoYKy GpaKTop TPy
PPi > (Qq f;Pi)PHl > (Q, r;Pi)PHl > > w > (e}, (11-8)

i+1 i+1 i+1 i+1

B KOTOPOH KaXx/as IOArPyIIia HOpMasbHa B IpeAblAyIlel, a ocieZoBaTelbHble GpaKTOph

(Qr NP)Piy 1 /Py - (Qx N P)P; 4 o QNP
Qr+1 NPIPi1/Pita Qiea NPIPiyy (Qpya NP)(Qp N Pryy)

cosragaror ¢ (11-7). Tak kak rpynna P; / P;; mpocTa, MBI 3aKII09aeM, 9TO B 1enouke (11-8) nmeerca
POBHO OZHO HECTPOroe BKJIIOUEHHE, a BCe OCTaJbHbIe BKIIOYEHUA — PABEHCTBA. TeM caMbIM, POBHO
ozxuH u3 dpaxkTopos (11-7) oTardeH oT eAUHULEL 1 u3oMopdeH P; /P; ;.

Te >xe camble paccyKJeHus ¢ 3aMeHoH P Ha ( TTO3BOJIAIOT BCTABUTh MEX/Y ITOCIeA0BaTeTbHBIMU
rpymnamu Q, > Qy., KOMIO3UIXOHHOTO pAza (11-5) yOBIBaIOIIYIO LIEeTIOYKY IIOATPYIIII

Qr 2 (PN Qi1 2 (P NQp)Qxyq 2 - 2 (P N Q) Qpiq 2 Qper (11-9)
KaXXZ1ad 13 KOTOPbIX HOpMaJIbHa B Hpe,ﬂ;blﬂ;ymef/'l, a nocijiegoBaTe/IbHbIE d)aKTOpr NMEIOT BU/,

(PN Qp)Qpis (@ N Py)

~ (11-10)
(Piy1 NQp)Qki1  (Qgya NPI(Qp NPyyy)

Y U30MOPQHBI COOTBeTCTBYIOIIKNM dparTopam (11-7). Takum 06pa3oM, BCTABIASI MEXAY MOCTIeN0Ba-
TeJbHBIMU dJleMeHTaMU KOMIIO3UIIMOHHOTO psAza (11-4) uenouku (11-6), a Mex Ay oCIe0BaTeIbHEI-
MU d5eMeHTaMu psiga (11-5) — menouku (11-9), MbI TOIYIUM PSABI OAMHAKOBOU JJIMHBI, B KOTOPBIX
He BCe BKJIIOUEHUS CTPOTHe, HO GAaKTOPhI HAXOAATCS B OMEKTUBHOM COOTBETCTBHH, COITOCTABIIAIOIIEM
Apyr Apyry usoMopdHele ¢axTopsl (11-10) u (11-7). I[Tockonbky Q. , ABIAETCA HOPMaIbHOH MOJ-
TPYTIION BCeX Py Ienodku (11-9), Te xke apryMeHTHl, YTO IPUMEHAIKCE BBIIIE K IoATpynIe P; , 1
rernouke (11-6), moKaskIBaOT, YTO NpU GUKCUpPOBaHHOM k cpenu pakTopos (11-10) umeeTrcss poBHO
OZIH OTIIMYHBIH OT eZIMHUIIBI, U OH U30MOpdeH Q / Q1 ]

3AMEYAHME I1.I. HempocTasi rpyIina MOKeT UMeTh HECKOIBKO Pa3HBIX KOMITO3UIIMOHHBIX PSAZIOB C OJH-
HAKOBBIM Hab60opoM GaKTOPOB, a TPYIIIILL C OAMHAKOBEIMU Habopamu GpakTopoBs KopaaHa-T'énbaepa He
06s13aTeTbHO U30MOP(HHI.

[IPEAJIOXKEHMUE I1.1

Eciu rpynmna G o6aziaeT KOHEYHBIM KOMIIO3UITMOHHBIM PSIZIOM, TO BCe €€ HOpMaJbHbIE MOATPYIIIHI U
¢dbakTop rpyIIsl TOXKe 001aIaI0T KOHEYHBIMU KOMITO3UITMOHHBIMU PSAZaMU, MPUYEM Habop GaKTOpOB
Ka)KZIOTO M3 HUX ABJIIETCS MOAHA60pOM B Habope KOMITO3UITMOHHBIX GaKTOPOB IPYMIIHI G.

JOKA3ATEBCTBO. [lepecedyeHre KOMIO3UIIMOHHOTO psA/a IPYIIIEL G ¢ moArpymnmoi H < G uMeeT BUZ,
H2G NH2..2G,_,NH2{e}, (11-11)
rae (G; N H) > (G, N H) , Tak Kak G; > Gy, u (G; N H) /(G y NH) ~ (G; N H)G;yq /Giyq IO

npez. 10.5 Ha cTp. 186. ITockonbky G; 2 (G; N H)G;,, 2 G;,, 1 dakTop G;/G;,, TIPOCT, OZHO BKJIIO-
JeHHe CTporoe, pyroe — paseHcTBo. Ecmu (G;NH)G; ., = G4, To (G;NH)/(G; 1 NH) ~ G;/G; . Ecin
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(G;nH)G,, = G4, T0(G;NH) = (G;,; NH). Takum o6pazom, youpas us nenouku (11-11) Bce paBeH-
cTBa, noxy4yaeM psaz XKopzaana - T'énpaepa, pakTOpel KOTOPOT'O COAEPKATCA Cpei KOMIIO3UIIOHHBIX
dakTopoB rpynmel G. AHaJIOTMYHO, IPUMeHAA K KOMIIO3ULIMOHHOMY Py TPyINbl G aIUMOpQU3M
m: G » Q, momyyaem nenouky Q 2 m(G,) 2 ... 2 m(G,_,) 2 {e}, B xoTopoii n(G;) > m(G;, ). Orpa-
HUYUM 7 Ha G; 1 0003HaunM 9epe3 H = 7T|Ei1(7T(Gi+1)) HOJIHBIN Tpoobpas noarpynusl 7(G;, ;) C m(G;)
OTHOCHUTEJIBHO 3TOro orpanudenus. Tak kak G; 2 H 2 G; ., u dakrop G; / G;,, IPOCT, OBHO BKJIIO-
YeHUe CTporoe, Apyroe — paBeHcTBo. Ecmu G; = H, to m(G;) = n(G;,), aecmu H = G; 4, TO
1(G;) /7(Gyyq) = Gy / Gyyq O y1Ip. 10.29 Ha cTp. 186, IPUMEHEHHOMY K ¢ = Tt|; . |

[TPEAJIOKEHME 11.2

[lycte N <1 G, Q = G /N, u rpynnsl N, Q 0651a7al0T KOHEYHBIMH KOMITO3UIIMOHHBIMU psizaMu. To-
IJa y TPynnsl G TOXKe eCTb KOHEYHBIA KOMITO3UI[MOHHBIN psiZi, HA00p GaKTOPOB KOTOPOTO SBJISETCS
JU3BIOHKTHEIM 00beIUHEHNEM KOMIIO3UITMOHHEIX dakTopoB rpynn N u Q.

JlOKA3ATE/BLCTBO. ITycThb Tpymmibl N ¥ Q UMEIOT KOMIO3UIIMOHHBIE PS/BI

N>N,>...>N,_, > {e}
Q> Q. >...0>Q,, , > {e}.

O6o3Ha4uM vepes P; = m~ *(Q;) monHsIi mpoo6pas rpynms! Q; nmpu romoMopdusme dpaKTopusaLym
m: G » Q cagpom N. llernoyka noArpymnn

G>P>..>P, >N, >..>N, , {e}
aBideTca pagoM XKopzana - ['énpzepa ¢ TpebyeMbIMU CBOMCTBaMU. U

C/JEICTBUE II.I
Kaxxzas koHeyHas rpyrina o61asiaeT KOHEYHBIM KOMIIO3UIIMOHHBIM PSIOM. O

YIPAXHEHHUE 11.10. [T0CTPO#iTE KOMIIO3UIIMOHHBIN PsiJl aJIUTUBHOM Tpymmst Z / (p™), Tae p — 1mpo-
cToe.

11.3. Ilonxynpsimble npousBeAenus. /i napsl noarpynn N, H rpynmsl G oTo6paskeHre
NxH — NH, (x,h)— xh,
6uexTUBHO ecnu U Tonbko ecmu N N H = {e}. B camoM zene, iput x, h; = x,h, d1eMeHT
x;'x; =h,hi* €NNH,

necu NNH = {e},Tox, = x,uh, = h;,aeciu B N N H ecTb 2JIeMeHT Z # e, TO pa3Hble NIaphl
(e,e), (z, Z_l) € N X H mepelayT B OAWH U TOT e deMeHT e € NH. Byzem Ha3pIBaTh NOATPYIIIIEI
N,H C G dononHumenwvHumu, ecti N N H = {e} u NH = (. B 3ToM ciny4ae rpynna G KaKk MHO-
JKECTBO HAaXOAUTCA B OMEKINY C IPSIMBIM TpousBeZieHreM N X H. Eciu moarpymmna N <| G ipu 3ToM
HOpMaJbHa, TO KOMIIO3ULIUA 5JIeMEeHTOB g, = X, h; U g, = X,h, MOXXeT ObITb BEIpaXKeHa B TepMUHAX
nap (x4, hy), (x,, h,) € N X H. A UMeHHO, Tak KaK

9192 = X1hyxhy = xl(hlxthl) ~hih, n h1x2h51 EN,
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rpymmy G MOXHO onucams Kak MHoxecTBo N X H ¢ onepaiueii
(%1, hy) - (x5, hy) = (x4 Adhl(xz), hihy), (11-12)

rae gepe3 Ad, : N = N,x — hxh™!, o6o3naueHO TIpUCOeAVHEHHOE ZIeHiCTBUE 3eMeHTa h Ha HOp-
MasbHOU noArpyiie N. B aToi cuTyaliuy roBOpAT, YTo Ipymna G ABIAETCA NOJLyNpsMblM npou3gedeHu-
em HopMasnbHOU nogrpynnsl N <] G 1 JOTIONMHUTENbHOM K Hel moArpynnel H C G unumyTt G = N X H.
Ecnu conpsbxeHue aseMeHTaMHU U3 OATpyNIbl H AelicTByeT Ha noarpymie N TPUBUAIBHO, YTO PaB-
HOCWJIBHO II€EPECTAHOBOYHOCTU Xh = xh JIOGHIX ABYX 27IeMeHTOB X € N U h € H, To nmoiynpsamoe
IIpou3BeZieHHe HasblBaeTcA npsmbim. B aToM ciaydae (x4, hy) - (x5, h,) = (x,X,, h h,) 414 Bcex nap
(x4, hy), (x5, h,) € N XH.

[TpumMeP 11.2 (D, = Z/(n) X Z/(2))

I'pynna auazpa D, conep:XUT HOpMaJIbHYIO IIOATPYIIILY IOBOPOTOB, U30MOPOHYIO aAZUTUBHOM I'PYII-
ne Z/(n). [logrpymnia BToporo Nopsjgka, HopoxXAEHHAs TI0OBIM OTpaKeHUEM, JONOTHUTENbHA K IPYII-
TIe TOBOPOTOB U u3oMopdHa aganTuBHOM rpymre Z /(2). [IpucoefuHEHHOE AHCTBYE OTPAXKEHUS Ha
TpyIIlle IOBOPOTOB MeHsIeT 3HaK y yIvia HOBOpoTa. [Ipy 0TOXAeCTBIEHNH I'PYIIIILI IOBOPOTOB € Z /(1)
3TO AeHiCTBYE IpeBpalaeTca B yMHO)XeHHe Ha —1. Takum obpasom, D,, = Z/(n) X Z/(2) u B TepMUHAX
map (x,y) € Z/(n) X Z/(2) KOMIIO3UIMs Ha TPYIIIe AU3Apa 3a4aETCs IPABUIOM

(x1»J’1) : (x273’2) = (x1 + (-1)1x,, 5, +3’2) . XX, EL/(M), y.,Y, EL/(2).

[TpumEP 11.3 (Aff(V) = V X GL(V), IPO/IO/DKEHUE ITPUM. 10.20 HA CTP. 184)

Addunnas rpymmal Aff(V) cogepkuT HOpMaIBHYIO TIOATPYIITY ApaUIebHbIX IePeHOCOB, KOTOPAsa
nsomopdHa aJAUTUBHOMN TI'PyIIIie BEKTOPHOTO MPOCTPAHCTBA V' U ABJAETCA SAPOM CIOPbEKTHUBHOIO
roMomMop¢u3Ma rpyImn

D: Aff(V) » GL(V), ¢ = D,, (11-13)

conocTasisionero apdunHOMy npeobpasosanuio ¢ @ A(V) — A(V) ero suddepennnan

D,:V =V, pgr o).

Ecnu 3apukcupoBats B A(V) kakyo-HUOYIb TOUKY p, TO orpaHudeHue romomopousma (11-13) Ha
crabunusarop Stab,, C Aff(V) sagact usomopdusm Dy, : Stab,, = GL(V). O6parHbiii u3oMopdusm
COIOCTABJISET TUHeHOMY omepaTopy f : V = V adduHHOe mpeobpasoBaHe

¢ AV) = AV), x> p+fpX),

OCTaBJIsIONIee Ha MeCTe TOUKY p. [TOCKONBKY Kaxk0e peobpa3oBanue ¢ € Aff(V) packiazpiBaeTcs B
KOMITO3UITUIO ¢ = T,,°(T_,, o () IapaUIeJIbHOrO IlepeHoca T, Ha BEKTOp V = W Y IIpeobpa3oBaHus
T_y o ¢ € Stab(p), rpynna Aff(V) = V X Stab,, ~ V X GL(V). Cornacto npum. 10.20 Ha cTp. 184,
kommo3unus B rpymne V X GL(V) 3agaérca npaswiom (u, f) - (w,g) = (u+ f(w), fg).

1Cm. mpum. 10.20 Ha ctp. 184.
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11.3.1. INonynpsiMoe npousBeieHue Ipynil. [IpeAbIAyIy0 KOHCTPYKINIO MOXKHO IPUMEHUTD K
ZByM abcTpakTHBIM TpynmnaM N v H Kak TOJIBKO 3aZiaHo JefcTBHe rpymmnel H Ha rpymme N, T. e. TOMO-
Mopdu3M rpyniisl H B Tpynily aBToMOpGU3MOB Ipyniibl N:

Y:H—-AutN, he-y,: N>N, (11-19)
Mo anamoruwm ¢ popm. (11-12) Ha cTp. 194 3azazum Ha MHOXKecTBe N X H oIepariuio mpaBuioM

(xl’hl) : (xz’hz) & (x1lph1(xz)a hlhz)- (11-15)

YIPAXKHEHHUE 11.11. [IpoBepbTe, uTo Gpopmyna (11-15) 3azaét Ha N X H CTPYKTypy TDPYIIIBI C e1u-
Hueii (e, e) u obpamennem (x,h)™" = (P (x™"),h™"), rae Yi,* = Py1 — aBTOMOPOU3M,
obpaTHBIT K Y, : N = N.

[MonyyeHHass TAKUM 06Pa30M TPYIITIa Ha3bIBAETCS NOYNPAMbIM npousdsedeHuem rpynn N 1 H 1o geit-
ctBuio Y : H — AutN u obo3zHauaercs N Xy, H. Tloq4epKHEM, YTO pe3y/IbTaT 3aBUCUT OT BBIOOpA
AetictBua . Eciu gelicTBUe TpUBHAIBHO, T.e. Y, = Idy 414 Bcex h € H, MBI IoTy4aeM IpsMoe
npousBesienrie N X H ¢ TOKOMIIOHEHTHBIMY OTTE€PALIUSIMU.

YTPAKHEHUE 11.12. Y6eauTech, uto noamuoxectBo N £ {(x,e) | x € N} asngercsa uzoMmoppHOit
rpymme N HOpMabHOM MOArpymmnoit B G = N X, H u daxTop G /N’ ~ H, a mogMHOMXecTBO
H' £ {(e,h)| h € H} apnaerca uzomopdnoit H u gononHuTenbHoit k N/ moarpymnmoit B G,
npuuéM G = N’ X H' sBisieTca no/ynpsaMbIM TpousBe/ieHreM cBoux moarpynn N/ u H' .

[TPEA/IOKEHME T1.3

Jna mo6bix romoMopousma i : H — Aut(N), h — ¢, n aBTomopdusmoB @ : H = Hupf: N = N
oTobpaxkenus (n, h) —= (n,a *h) u (n,h) — (Bn, h) 3a5a10T B30MOPOU3MbI TIOTYIIPAMEIX TIPOU3Be-
Aeruit N Xy H = N Xy, o HUN Xy, H = N XAdB(w) H,tae Adg(¥): H — Aut(N), h — BB~ .

JIOKA3ATENLCTBO. OTOGpakeHue (n, h) — (n, @ 'h) HepeBOAUT COMHOXKUTENM U3 JIeBOM J4acTu pa-
BeHCTBA (1, hy)(Ny, hy) = (N Ny, hihy) B (ny, a *h,) u (n,,a 'h,), npousBeieHNE KOTOPHIX B
N X H paBHO (nllphlnz, a'l(hlhz)). OTtobpakenue (n, h) — (Bn, h) IeEpeBOIUT Te XKe caMble CO-
MHOXXUTeNU B (fn,, hy) u (Bn,, h,). VIx npousseseHue B N ><1Adﬁ(¢) H paBHO (,B(nllphlnz), h,hy). O

I[TPUMEP I1.4 (IOJIOMOP®)

I'pyna aBToMOpdH3MOB Aut G IPOU3BOJIBHOM I'PYIIIE G TABTOJIOTUYECKU AecTByeT Ha G . [Tomynpsi-
Moe npoussezienre Hol G & G X Aut G 1o 3TOMYy IleiCTBHIO Ha3hIBAaeTCs 20710M0pdom TpyTiisl G. Biio-
)eHue G < Hol G 3amevarTespHO TeM, YTO IF000H aBTOMOPQU3M I'PYMITEL G SIBISAETCSA CyKEeHUeM Ha G
BHYTpeHHero aBToMopdusMa obbemitorieii rpymnns Hol G.

ITPUMEP I1.5 (CILJIETEHUE)
st mo6eix ByX rpynn H, N MHOXecTBO N H peex ¢yukumii f © H — N uMeeT eCTeCTBEHHYIO CTPYK-
TypBI IPyHIbL, B KoTopoii f;f,: H — N, x — f;(x)f,(x). DTy rpylny MoXHO BOCIIPUHMMATb KakK
TIpAMOe IIPOM3Be/IeHNe OMHAKOBEIX KOIHiA rpyms N, 3aHyMepOBaHHBIX /eMeHTaMu’ x € H. [pym-
na H peiicreyer Ha N 1o cnemyromemy npasuny: anement h € H nepeoaut dynkimio f : H — N B
byukuuio hf @ x — f(xh).

YIIPAXKHEHMUE 11.13. Y6egutecs, uto h(f; f,) = (hf))(hf,) u (h h,)f = h (h,f).

1Cp.cn’ 1.6 Ha cTp. 34.
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TonynpsiMoe mpousBegenre N 2 H & N 54 H no sTomy geiictBuio HasbBaeTcs cniemeruem’ rpym-
mbl N ¢ rpymmoit H. CiijieTeHre 3aMmedyaTeIbHO TeM, YTo Jtobast rpymna G ¢ HopMaabHOM MOATPYTIOH
N <1 G u daxrop rpynmnoit H = G /N gomnyckaet romomopdHoe g.oxceHue Ppoberuyca ¢ : G < N UH.
Yrobbl 3a7aTh €ro, 3apuUKCUpyeM KaKoe-HUOY/Jb TEOPETUKO MHOXXECTBEHHOe ceueHue o . H & G
romomopousma ¢aktopusauuu 7 . G » H = G /N, BeiGuparoliee B KaKA0oM kiacce h € G /N Heko-
TOpBIit IpeAcTaBuTenb o(h) € G. Toraa A mobLix g € G u h € H anement o(h)go(hn(g))™* € N,
nockonbky m(a(h)go(hn(g)) ) = hn(g)(hn(g))™* = e. PaccmoTpuM GyHKIHIO

a;: H—> N, he a(hgo(hn(g)™",
KxaK snemenT rpymmsl N 1 monmosxum ¥s(9) = (04,m(9)) € NH xH.

YIPAXXHEHMUE I1.14. YOeIUTECh, 9TO ¥, (g1 95) = Pu(91)9Ps(g,) B N ¢ H u uto 06pask! 1Byx Bi1OXe-
HUU @, ¢, . G S NUH, IOCTPOEHHBIX IIPY IIOMOIIY Pa3HbIX ce4eHui 0,7 . H < G, CONpsKeHbI
Brpymme N 2 H.

11.4. p-rpynnsl u Teopembl CrioBa. I'pymnma nopszaka p™, tae p € N — npocroe, Ha3biBaeTcs p-
2pynnoii. [ToCKOJIbKY BCe HETPUBHATBHBIE TIOATPYTIIEI P-TPYTIbI TAKIKE ABJISIOTCA P-TPYIIIaMHU, JJIMHA
JII060H OPOUTHI P-TPYIIIIBI IIPU JIIOO0M €€ ZIeHCTBUU Ha JII060M MHOKECTBE JIMOO0 JeTUTCA Ha p, TU60
paBHa efuHuUIle. MBI TTOJy4aeM IPOCTOE, HO MOJIE3HOE

[IPEAJIOXKEHME 11.4
[TycTp p-rpynna G felicTByeT Ha KOHEYHOM MHOXXeCTBe X, UMCJIO 371eMeHTOB B KOTOPOM He JIeJTUTCA
Ha p. Torga G uMeeT Ha X HENOABKHYIO TOUKY. O

[TPEA/IOKEHUE I1.5
Jltobas p-TpyIia UMeeT HETPUBUATIbHBIHN 1IEHTP.

JIOKA3ATE/ILCTBO. PaccMOTpUM IIpUCOeAMHEHHOE IeicTBYE IPYIIIEI Ha cebe. LIeHTp TPYIIIHI IBIAeTCA
MHOYKECTBOM OJHOTOYEYHBIX OPOUT STOrO AEHCTBUsA. TaK KaK YKC/IO 3JIEMEHTOB B IPYIINE U [JTUHBI
BCEX HEOAHOTOYEYHBIX OPOUT /IeJIATCA Ha P, O/HOTOUEUHbIE OPOUTHI HE MOT'YT MCUEPIIBIBATHCA OJHOM
opbuUTOIi 3/1IEMEHTa €. [l

YOPAXKHEHUE I1.15. [ToKa)KUTe, 4TO JIr06as rpyina G mopsiaka p2 (rme p mpocToe) abeneBa.

OIPEZIEJIEHUE I1.1 (CUJIOBCKUE ITOZTPYIIIIBI)

[IycTh G — TIPOM3BOJIbHAA KOHEYHasA IPyIa. 3anuiieM eé MopsazoK B Buze |G| = p™m, roe p —
npocroe, n > 1, ¥ m B3aMMHO IIPOCTo ¢ p. Besakas noarpynmna S C G nopsaka |S| = p™ HasbiBaeTca
cunosckoll p-nodepynnoti B G. KOIMYeCTBO CHIOBCKUX P-IIOArPYIN B G 0603HaYaeTcs yepes Ny, (G).

TEOPEMA 11.4 (TEOPEMA CUJIOBA)
s mo6oro npoctoro p | |G| ciIOBCKYE p-HIOATPYIIEL B G CYIIECTBYIOT. Bce OHU COIIPSKEHB! APYT
ZPYTY, 1 1r00as p-NoArpymma B G COAEPKUTCA B HEKOTOPOH CHIOBCKOH p-IIOATPYIIIIE.

JIOKA3ATENBCTBO. IIycTh |G| = p™m, rae m B3auMHO IpocTo ¢ p. O603HaYMM depes £ MHOXKECTBO P -
3JIEMEHTHBIX IIOZAMHOXKECTB B G ¥ pACCMOTPUM JlelicTBUe G Ha £, MHAYIIMPOBAHHOE JIEBBIM PETYIISAP-
HBIM flelicTBueM G Ha cebe. CTabwinsarop Touku F € £ COCTOUT U3 BCeX IEMEHTOB g € G, leBoe

o anmmiicku wreath product.
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YMHOXeHMe Ha KOTOpbIe IlepeBogUT MHOKecTBO F' C G B ceba: Stab(F) = {g € G| gF C F}. Tak
KaK g, X # g,X Ipu g, # g, Brpymne G, rpynma Stab(F) cBoboAHO AefCTByeT Ha MHOXeCTBe F U Bce
OpGUTHI 3TOTO ZIEHCTBUA COCTOAT U3 |Stab(F)| Touek. [TosTomy |F| = p™ aenutcs Ha |Stab(F)|, oTkyzaa
|Stab(F)| = p¥*, 1 umeercs creayrowmas ansrepHaTHBa: TH60 k < 1, ¥ B 9TOM c/Iy4ae AIMHa G-0pOUTHL
aneMmenTa F € £ nenutcs Ha p, 6o k = n, U B 3ToM ciydae moArpynma Stab(F) C G cunoBckas, a
G-opbura aneMeHTa F € £ cocTouT U3 m 37eMeHTOB. Bo BTOpoM ciydae 1o npegi. 11.4 kaxzaas p-
moarpynna H C G (B yacTHOCTH, KaXKZas CUJIOBCKas MOATPYIINA), UMeeT Ha G-opbuTe smeMeHTa F
HETOABIKHYIO TOUKY gF, a 3HauuT, COMEPXKUTCA B CUIOBCKO# moArpytite Stab(gF) = g Stab(F) g2,
comnpspkEéHHOH K Stab(F) (1 coBmagaeT ¢ Hel, ecinu H crioBckas). TakuMm o6pa3oM, AJis JoKa3aTellb-
CTBa TEOPEMBI OCTAéTCs YOeAUThCS, UTO B MHOXKECTBE £ eCcTh (G-opOuTa, AJIMHA KOTOPOU HE JIETUTCS

Ha p. JTO cienyeT us geM. 11.1 Hxe. O
JIEMMA 11.1
€] = (ppln) = m (mod p) He AemuTCA HA P.

n n
OKA3ATEJILCTBO. Kitacc BEIYeTOB pm I'IlOd aABEH KOS WUIWUEHTY IIpU xp BO3HUKAIOLIEM
p" ’

npy packpbiTiy 6uHOMa (1 + )P ™ Haz moNeM F, = Z/(p). Tak xak nan F, Bossesenue B p-
TYIO CTETeHD SIB/EeTCS aAANTUBHEIM romoMopduamoM, (1 + )P = 1 + xP, otkyza (1 + x)P' ™ =

m
= (1 + xpn) =1+ mxP" + crapume cTeneHu. O

CJIEACTBUE I1.2 (JOTIOJTHEHUE K TEOPEME CHJIOBA)
B ycnoBusix Teopembl CritoBa 4ueiI0 Ny, CUIOBCKUX P-IOATPYINI B G J€JIUT M U CPABHHUMO C eAHULIEN
10 MOZYJIIO P.

JOKA3ATE/IbCTBO. O603HAYNM MHOKECTBO CHJIOBCKUX P-TIOATPYI B G 4epe3 § U pacCMOTPUM Jel-
cTBUE G Ha S, UHAYIIMPOBaHHOE TTPUCOETNHEHHBIM JleficTBHEM G Ha cebe. [To Teopeme CuioBa 3TO
JelicTBHe TPaH3UTUBHO, OTKyZa |S| = |G|/ |Stab(P)|, rae P € S — MpPOU3BOJIBHO B3sATasi CUIOBCKas
p-noarpynma. Iockonbky P C Stab(P), nopsazok |Stab(P)| nenutcs Ha |P| = p™, a sHauwuT |S| memut
|G| /p™ = m, 4To AOKA3BIBAET MIEPBOE YTBEPKACHUE.

Jlns JokasaTesnbCcTBa BTOPOTO YTBEePKAEeHUA JOCTaTOYHO IIPOBEPUTD, YTO P, lelicTBys cOlpsiKe-
HUAMU Ha §, UMEET TaM POBHO OJJHY HETIOABIDKHYIO TOUKY, 8 UMEHHO, camy ce6s1. Torzia mopsAAKY Beex
OCTaJIbHBIX P-0pOUT 6yAyT AeMUThCA Ha P, U MBI Toay4yuM |S| = 1 (mod p).

[Tycth cwtoBckas moArpynmna H € S HemoABMXKHA IIPU COTIPSKEHUM MOATPYIIION P. 9TO O3Ha-
qaet, yTo P C Stab(H) = {g € G| gHg™* C H}. Ilockoneky H C Stab(H) C G, mopsazok
|Stab(H)| = p™m/, rae m’ |m B3aumHO mpocTo ¢ p. Takum o6paszom, u P, 1 H ABAAIOTCA CUIOBCKHU-
Mu p-nioarpymnnamu B Stab(H), npuuém H HopmasbHa B Stab(H). Tak Kak Bce CUIIOBCKUE TOATPYIIITBI
COTIPSDKEHBI, MBI 3aKjI0o4aeM, 4To H = P, 4To U TpeboBaIoCh. Il

[TPUMEP 11.6 (TPYIIIIBI TIOPAZKA Pg C IIPOCTBIMU P > ()

Iycrs |G| = pq, rae p > q npoctsle. Torzaa B G ecTh pOBHO OZIHA, aBTOMAaTUYECKH HOPMaJIbHasA CUJIOB-
ckas p-nioarpymna H, =~ Z/(p). PaccMorpuM /to0yro CHIIOBCKYIO q-oArpynmy Hy =~ Z./(q). Tlockois-
Ky Hy, u Hy poctsl, H,NH, = en G = H,H,. Cornacion’ 11.3 G = Z/(p) Xy Z./(q) At HEKOTOPOTO
romomopousma Y : Z/(q) - Aut(Z/(p)).

YIIPAXXHEHMUE 11.16. Y6eaurech, uto Aut(Z /(p)) = IF‘; ~7Z/(p—1).
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Tomomopduam ¢ @ Z/(q) — Aut(Z/(p)) =~ [F; OHO3HAYHO 33/IaéTCsI CBOUM 3Ha4eHHuEM Ha 0Opa3syro-
mei [1] q» KOTOpast SIBJISIETCS 2JIEMEHTOM IOPsiiKa q. [109TOMY a/IeMeHT 1) = PY([1] q) (S [.lq(IFp) C IF;
ABJIAETCA KOPHEM (- crenenu u3 1 B mose Fy,. Ilo ymp. 11.4 Ha crp. 189 rpymna p,(F,) mukm-
yeckas nopsaka HoA(q,p — 1). Mel 3akiatodaem, uto et ¢ + (p — 1), To BesAkuii roMmoMopdu3M
Z/(q) — Aut(Z/(p)) TpuBUaNEeH U, CTANO OBITH, €AMHCTBEHHOM IPYIITION IOPSAZKA P B 9TOM CIydae
apsietca Z/(p) X Z /(q). Ecin xe q | (p — 1), TO cylecTByeT HeTPUBUAIbHBIN roMOMOpbU3M

Y - AuZ/(p), [y~ 7, (11-16)

raen € ]F; IIOPOX/AeT My/IbTUIUIMKATUBHYIO rpynny f,(F,). Tomomop¢u3m (11-16) comocrasiseT
KaXIOMY d7IeMeHTy [Y],; € Z / (q) aBToMopdu3M Y, Z/(p) > Z/(p), [x], [r)yx]p, U 3a7a€T
nosynpsmoe npousseaenue Z /(p) Xy, Z/(q) ¢ onepauumet

(i1 1q) - (X1 [v21g) = [y + 0725515, vy +,14) - (11-17)

JIro6oii Apyroi HeTpuBUaNbHEINA romomopduam Z/(q) — Aut(Z/(p)) umeet Bug ™ : [1] g™ n™, rae
1 < m £ q — 1, u sBnsAeTca komno3uieil romomopdusma (11-16) ¢ aBTOMOpGHU3MOM YMHOKEHUS
Ham: Z/(q) > Z/(q), [ylq = [myl,. ITo npean. 11.3 Ha cTp. 195 3azaBaemMoe UM IIOJIyIIPIMOE
npoussezenue Z / (p) Xapom Z/(q) ~Z/(p) Xy Z/(q). M=l 3axitodaeM, uyto ipu q | (p — 1) kpome
abeseBotii rpymmsl Z/(p) X Z/(q) cyliecTByeT eAMHCTBEHHAs C TOYHOCTHIO ZI0 M30Mopdu3ama HeabeneBa
rpymmna mopsizaka pq. OHa usomopdHa Z/(p) X Z/(q) c oneparueii (11-17). B yacTHOCTH, /151 HPOCTOTO
p > 2 eAVHCTBEHHOU C TOYHOCTHIO 0 M30MOpdr3Ma HeabeIeBOU I'PYION MOPsAAKa 2p SABIAETCA

rpymnmna zma,apal Dy.

'Cm. mpum. 11.2 Ha cTp. 194.



OTBeThI U YKa3aHudA K HEKOTOPBIM yIIpaXKHEHHUAM

Yop. 11.1. Ilyctb g € A,,, h € S, \ A,,. Bcakas nepecTaHOBKa, CONPAXKEHHAA g B S, CONPsDKEHa B A,
6o g, 6o Ady g. PasenctBo Ady, g = Adp, g paBHOCWIBHO paBeHCTBY Ady-1p g = ¢. IloaTO-
My CyllleCTBOBaHUe YETHOM IlepeCcTaHOBKU P yAOBJIETBOPAIOlIel IepBOMy paBeHCTBY PaBHOCIIBHO
CYIeCTBOBAHUIO HEYETHOMN MepecTaHOBKU p~ -h, KOMMYTHpYIOIIEH ¢ g, T. e. KJIacc COMPKEHHOCTH
IIEPECTAHOBKU g B S, He pacliaZjlaeTcs Ha iBa Kjlacca CONPKEHHOCTU B A,, €CJI U TOJIBKO €CJIU L|eH-
TpanusarTop Z(g) coiepKUT He4éTHyIO llepecTaHOBKY. Korzia B IMKJIOBOM THUIIE g eCTh CTPOKA YETHOU
JJIVHBI WIK [iB€ CTPOKH OJWHAKOBOM HeuUéTHOM AJMMHEL, TO Takasd IlepecTaHOBKa eCTb, a eCIU g ABJA-
eTcs IpoU3BeZleHeM IIONIapHO Pa3HbIX IIUKJIOB HEYETHOM JJINHEI, TO — HeT.

Yop. 11.2. IlpaBad 4acTb paBeHcTBa |[H| = 12¢; + 12¢, + 20&5 + 15¢, + 1, npuBes€HHAA 110 MOAY/LAM
3,4 ub5, paBHa, COOTBETCTBEHHO, 1 — &5, 1 — ¢, u 1+ 2(g; + &,). OHa MOXeT feUThcA Ha 3 WX Ha 4
TOJIBKO ecu &; = 1 wm g, = 1. B oboux ciyuasx |H| > 16, Tak uTo |H| He MOXXeT OBITh HU 3, HU 4,
HU3-4,8u 3 -5.Ecu |H| genurcana 5,0 €, = &, = 1m |H| > 25, Tak uro |H| He MoXxeT 6BITh HU 5,
HU 4 - 5. OcTatoTcs poBHO /iBe BO3MOXXHOCTH: |H| =1u |H| =34 5.

Yp. 11.3. YTOOHI IEpeBeCTH OJHOMEDPHBIE TIOATIPOCTPAHCTBA, TOPOXKAEHHBIE HETPOTIOPIUOHATEHBIMU
BEKTOpaMHU e, €,, B OHOMEepHBIe IIOJIIPOCTPAHCTBA, HOPOXKAEHHBIE HEeIIPOIIOPIIMOHAIbHBIMY BEKTO-
pamu v,, U,, AOTIOJTHUM 3TH ITaphl BEKTOPOB 10 6a3ucoB e = (e, ..., e,) Uv = (v4, ..., V,). MaTpuna
nepexozia C,, UMeeT HeHyJIeBOM ONpeeuTeNs §. YMHOXas eé TIepBblii cTobel Ha § © moTydaeMm
marpuny F € SL,,. Oneparop x — Fx nepesogut e; B8 'v,, a e, B v,.

ymp. 11.4. [Iyets 1 < k < m. Kiace [k] € Z /() yaosnetBopsieT ypaBHeHUIO n[k] = 0 ecu ¥ TOJIBKO
ecmum | kn. llonaras m = y Hoza(m, n), n = v HoA(m, n), rae HoA(W, V) = 1, 3akiiodaeM, utom | kn
ecay v ToNbKo ecnu [ | k, otkyma k = iy, taei = 1,...,HoA(mMm, n).
-1 -1_-1,-1 _ -1 -1,-1,-1 -1 -1
yop. 11.7. a;n a,n,ny a; ny a; = (a;na; )a,a,n,ny a; a; )a,n; a; ). Tak kak N Hopmasb-
Ha, a A abejieBa, 3aK/II0YEHHBIE B CKOOKH cjlaraeMble jiexkaT B N.

Ymp. 11.8. [pu snumopdusme S, Ha TPyNIly TpeyroibHUKA U3 IpuM. 10.9 moArpymma 4€THEIX ITepecTa-
HOBOK A, C S, IepeXoAUT B I'PYIITy BpallleHU! TpeyroJbHUKA.

VYrip. 11.9. He BosiHe 04eBUAHO, pasBe YTo MOC/IeAHEE PABEHCTBO

(Qk N Pi) N ((Qk+1 N Pi)Pi+1) = (Qk+1 N Pi)(Qk N Pi+1) .

JleBas 4acTb COAEPXKUT NPaBYIO, MOCKONABKY Qr,1 Q) C Qp u P;P; ; C P;. IIpaBas 4acTb COAEPKUT
JIEBYIO, TAK KaK €C/IA 2JIEeMeHT ¢ € @ N P; umeer Bug ¢ = ab,raea € Qy,y NP, b € Py 4, TO
b = a”'c nexur B Q, a 3HAUUT, U B Q) N Py ;.

vrp. 110, Z/(p™) 24, 2 ... 24,4 2 0,tne 4y, = {[zp* 1 € Z/(p™) | z € Z}.

Y1ip. 11.11. HpOBepKa aACCOMAaTUBHOCTH:

((Xl, h1) - (xy, hz)) - (x5, h3) = (xﬂphl(xz) s hlhz) - (x3, h3) = (xllphl(xz)lphlhz(x3) s h1h2h3)
(x4, hy) - ((Xz, hy) - (x3, h3)) = (xq,hy) - (lephz(x3)a hzhs) = (xllphl (xz¢h2(x3)) > h1h2h3) .

Ho ¥y, (xztphz (x3)) =Yy, ()P, 2Py, (x3) = Py, (X)) p, (x3). CyllecTBOBaHME € AUHULIBL:

(x,h) - (e, e) = (x,Pp(e), he) = (x, h),
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IIOCKOJIBKY Y, (€) = e B CHIy Toro, 4To 1, romoMopdusM. CylecTBOBaHIe 06paTHOrO:
(Yr' ™), 7Y - (o h) = (W (T DYR (), RTHR) = (ese).
ymp. 11.12. Takkak : H - Aut N —romomopodusm, ¥, = Idy u
(x1,€) - (x5, 8) = (X1Pe(X5), €) = (X1 X5, €),
T. €. 3JIeMeHTHI (X, e) 06pasyIoT IOArpyIIy, n30MopdHyIo N. OHa HOpMaIbHa, IOCKOJIBKY
0 h) - (o) (Yr' A7) = o ) - (W' 7). A7) = (yp(x)ye)
JneMeHTHI (e, h) 04eBHUIHO 06PasyIOT JOIIOIHUTEIbHYIO IOATPYIILY, U3oMopdHYIo H, 1
Ad e py(x,€) = (Pp(x), e).

ymp. 11.15. Ilyers nentp Z(G) = C. Ecmu |C| = p,1T0C ~ Z/(p) ~ G /C. Ilyctb a € C — ob6pasy-
folas [eHTpa, a b € G — TaKoi 3JeMeHT, YTO CMeXHBIH ktace bC sBsieTcss obpasyiomuieii B G / C.
Torza m060it aneMeHT rpymms: uMeeT Buz b¥a™. Tak kak a neHTpaseH, T06ke Ba TAKUX STeMeHTa
KOMMYTHUPYIOT.

yiip. 11.16. AgauTUBHBIE aBTOMOPGU3MEI rpymikl Z /(p) CyTh THUHEHBIE aBTOMOPGU3MEI OZHOMEPHOTO
BEKTOPHOTO IIPOCTpaHCTBa Ha/ rofieM [Fp,. OHu 006pasyIoT IpyIImy GLl(IF‘p) ~ ]F; HEHYJIEBBIX dJIeMeH-
TOB 1osA [Fp, o ymMHOXeHuIo. Kak U BCsAKas KOHeYHas My/IBTUIUIMKATUBHAs [OATPYINa MO/, OHa
LUK/IAYecKad’ .

'Cm. cr1. 2.3 Ha cTp. 52.
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