§1. Ilona, KOMMYyTaTHUBHbIE KOJIbIIA U abeseBbl IPYIIIbI

1.1. OmpezesieHus u IpuMepbl. [0BOPS BOJIBHO, TI0JIE IIPEACTABIIIET COOOI0 YHCIOBYIO 06JIACTb, IZie
oIIpeZieIeHbl YeTHIPE CTaHAAPTHBIE apuMeTUIECKIX ONIEPALNN: CJIOKEeHHe, BEIYUTAaHNe, YMHOXKEHUE
U JieJieHre, KOTOpHIe 001aZlaloT TEMU JKe CBOMCTBAMU, YTO U COOTBETCTBYIOLINE eHCTBUA HaZl paly-
OHAJILHBIMU YncIaMy. TOYHBIN lepedeHb STUX CBOMCTB UAET HIDKE.

ONPEAEJNEHUE 1.1
MuoxkectBo [ ¢ aBy™mst ontepatusamu F X F — [F: cioncenuem (a, b) — a+b v ymHoncenuem (a, b) — ab

Ha3bIBAETCA noJiem, €C/JIU BbIITOJTHAKTCA CIeAYIOoIIre TPU Ha6opa AKCHOM:

CBOMCTBA CJIOXKEHUS

KOMMYMAamugHOCMb: a+b=b+a VabeF 1-1

accoyuamueHoCmb: a+b+c)=(@a+b)+c Va,b,ceF (1-2)

Hauvue Hynis: d0€F: a+0=a Va€eF (1-3)

Hauuue Npomueono 0N CHbLX: VaelF d(-a)eF: a+(-a)=0 (1-9)
CBOVICTBA YMHOXXEHUA

KOMMYMamueHOCMb: ab=ba VabeF (1-5)

accoyuamueHocms: a(bc) =(ab)c Va,b,ceTF (1-6)

Hanuvue eOUHUUbL: d1e€eF: la=a VaeF a-7

Hauuue 06pamHblx: VaeF\0 JateF: aal=1 (1-8)

CBOMCTBA, CBA3BIBAIOLIUE CIOXKEHUE C YMHOXEHVEM
oucmpubymugHocmb: albb+c)=ab+ac Va,b,ceF (1-9)

HempueUaNbHOCb: 0#£1 (1-10)

[TPUMEP 1.I (TTOJIE U3 ABYX DJIEMEHTOB)

I[IpocTeiumii 0O BEKT, YAOBIETBOPAIOMINI BceM akcuoMaM u3 onp. 1.1 — aro none F,, cocTosmee
TOJIBKO 13 IByX asieMeHToB 0 1 1, Takux4yto 0+1 = 1-1 = 1, a Bce ocTanbHbIe CyMMBI ¥ TIPOU3BECHUA
PaBHBI HYJIIO.

YrpAaXXHEHUE 1.I. [IpoBepbTe, uTo [F, felicTBUTENbHO ABJACTCA IOIEM.

DJIEMEHTHI 3TOTO I10JI MOKHO BOCIIPUHMMATh KaK KJIacchl BEIYETOB II0 MOAY/IIO 2, a olepaluy cjio-
JKeHUA U YMHOXKEHUA — KaK oIlepalluy CIOXKeHUS U YMHOXKeHUA KJI1acCOB BBIYETOB, Ollpe/ie/IéHHbIe
dopmynamu (0-20) — (0-21) Ha cTp. 11. C Apyroii cTOPOHEL, s7eMeHTH NoA F, MOTyT MHTepIpeTH-
POBaThCAl KaK «IOXKb» = 0 U «HCTHHAa» = 1, CIOXeHHe — KaK JIOTMYeCKOe «HCKII0YalolTee Wik»',
a yMHOMeHMe — KaK JIOTMYecKoe «i»~. [IpH TaKoii HHTepIIpeTaluy aarebpardecKye BHYMCICHHA B
nose [F, npeBpamiaioTcs B JoruuyecKrie MaHUIYIALUY C BEICKa3bIBAaHUAMU.

YHOPAXXHEHME 1.2. HamuIinuTe MHOTOWIEH OT X C KOB(i)CI)I/IHI/IEHTaMI/I M3 I10JIA IFZ, paBHbeI «HE X», a

T, e. BEICKa3bIBaHMe A + B HCTHHHO TOI/ZA U TOJIBKO TOIZA, KOIZIA HCTHHHO POBHO 0OHO U3 BHICKA3LIBAHMI
A,B:0+1=14+0=1,H00+0=1+1=0.

2T. e. BoICKa3bIBaHUE A - B NCTHHHO €CJIM U TOJIBKO €C/IM UCTUHHBI 06a BHICKa3bBaHnsi AU B:1-1 = 1, Ho
0:-1=1-0=0-0=0.
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TaKK€ MHOTOWIEHOT X 1 Y, paBHLIﬁ «X I/IJII/I1 y».

ITPUMEP 1.2 (PALIMOHAJIBHBIE YHCJIA)
HanoMHI0?, 4To Iojle palMOHATBHEIX uKces () MOXHO OIpeZIeIUTh KaK MHOXeCTBO Apobeii a / b, rae
10/ «ApOObI0» MOHUMAETCS KJIacC 9KBUBAJIEHTHOCTH YIIOPAAO0YeHHOM Hapkl (a,b)ca,b € Zu b # 0
II0 OTHOMIeHUIO (a4, b,) ~ (a,, b,)npua,; b, = a,b,, KOTOpoe ABJAETCA MUHIMaIbHBIM OTHOILIEHUEM
SKBUBAJIEHTHOCTH" , COZIEPIKAIIMM BCE OTOX/ECTBICHMS
a __ac
—=— Vc#0.
b bc
CrnoxeHue ¥ YMHOXKeHUe Apobeli onpezeseTcs GpopMyaaMu

¢ ad + bc a

< C g AC
d bd b d

o

+ (1-11)

S| Q

YIPAXKHEHUE 1.3. [IpOBepETe, UTO 3TH OINEPAIH ONpeZeeHbl KOPPEKTHO (pe3ysibTaT He 3aBUCUT
OT BBIOOpA MpeZicTaBUTEIEH B KIaccax) U YAOBIETBOPSIOT aKCHOMaM IT0JIA.

ITPUMEP 1.3 (BEIIECTBEHHBIE YMICJIA)

MHoxecTBO BellleCTBeHHBIX urces R ollpesenaeTcsa B Kypce aHaIN3a HECKOIbKUMU Pa3IMIHBIMU CIIO-
co6aMu: KaK MHOMKECTBO KJIACCOB SKBUBAIEHTHOCTH AECATHIHBIX ZIpobeii, Kak MHOXKECTBO JIeZIEKH-
JIOBBIX CEUEeHUH YIIOPSAZ0YEHHOTO MHOXKeCTBa Q, NI KaK MHOKECTBO KJIACCOB SKBUBAJIEHTHOCTHU Pa-
LIMOHAJBLHBIX TTOCIe/ioBaTebHOCTelM Ko, Ml oslaraeM, 4To YuTaTe b 3HAaKOM C STUMU OTIpeiesie-
HUSMU ¥ IOHUMAET, KaK OHU CBSAI3aHbI IPYT C APYroM, INOO0 CKOpO y3HaeT 06 3TOM U3 Kypca aHaju3a.
Kakoe 6b1 onricanme MHOXeCTBa IR HU UCIIOB30BaJIOCh, 3a/laHUE Ha HEM CJIOXKEHUS M YMHOXKEHUS,
PaBHO Kak 1 ITPOBepKa aKCUOM M3 oIp. 1.1 TpebyIoT ompeseIéHHOM YMCTBEHHOM paboThI, TAKXKE Tpa-
JAUIVMOHHO IIPO/ieibiIBaeMoi B Kypce aHalIu3a.

1.1.1. KomMyTaTHBHBIE KOJbIIa. MHOXECTBO K ¢ onepanuaMu CJI0KeHUA U YMHOXEHUA Ha3bl-
BAETCsI KOMMYMAMUBHbIM KONbUOM ¢ eQUHULell, eCTH 3TH ollepalliy 061ajaloT BCEMU CBOMCTBAMU U3
omp. 1.1 Ha cTp. 20 3a HCcKIIOYeHHeM cBoiicTBa (1-8) cymecTBOBaHUA MyJIBTUILTMKATHBHO OOPATHEIX
3JIEMEHTOB.

Ecyy, KpoMe CyIecTBOBaHUS OOPATHBIX, M3 CIIMCKA aKCHOM IT0JIS UCKII0YaroTCs Tpe6oBaHMe Ha-
nnuuda equHUnE (1-7) nycnosue 0 # 1, To MHOXKeCTBO K ¢ IByMd ollepallusiMU, YOBIETBOPSIOIINMU
OCTaBUIMMCS aKCHOMaM, Ha3bIBaeTCA IIPOCTO KOMMYMAMUBHBIM KOJLUYOM.

[TprumepaMu OT/IMYHBIX OT NOJIeH KOJIell C e AMHUI[AMU ABJIAI0TCA KOJIBIIO LeBIX YU Ces Z U KOJbII0
MHOTOWIEHOB ¢ K03QPUIIIeHTaMH B TPOU3BOJIbHOM KOMMYTaTUBHOM KOJIbIIE € efuHUIe. [IprMepE!
KOMMYTaTHBHBIX KoJjel 6e3 eVHUIbI JOCTABIAIOT YETHDIE IlefTble YHC/Ia, MHOTOWIEHH! ¢ YETHBIMU
LeJTBIMU K03 PUIMEeHTaM¥, MHOTOWIEHBI 6€3 CBOOOZHOT0 WieHa ¢ Ko3ddUimeHTaMu B TI060M KOM-
MyTaTHBHOM KOJIBLIE U T. II.

131ece uMeeTca B By 06BIMHOE, He HCKTIOYAION[ee «IITH»: MHOTOWIEH J0/DKeH IPHHUMATD 3HaueHHe 1
TOT/Ia ¥ TOMILKO TOT/IA, KOT/[A Xoms 6l 00HA U3 TIepeMeHHBIX paBHa 1.

2Cm. mpum. 0.5 Ha cTp. 12.

3Cm.n°0.4.1ma cTp. 11.

*Wnu mpUBA3aHHEIX K KAKOH-TU60 APyToii IO3UIMOHHOM CHCTeMe CUMCTIeHHUA, HATIPIMep, JBOMYHBIX.
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1.1.2. AGeneBsI rpymmnbl. MHoxecTBO A ¢ 00Holl onepauueii A X A — A, yAoBieTBoOpsIomen
MEePBHIM YETHIPEM aKCHOMaM CJIOXKeHU u3 omp. 1.1, HasbiBaeTcs abeniesoll epynnoii. Takum obpaszom,
BCSIKOE KOMMYTaTUBHOE KOJIblo K siBjIsieTcs abesieBoii TPYIINOi OTHOCUTENBHO OMIEPAITNH CIOKEHUS.
DTa TpyIna HaskBaeTcss addumusHoil epynnotl koavya. IprMep abeieBo IPyMIIbI, He SABISIONENHCA
KOJIBLIOM, JOCTABJIAIOT 8eKIMOpbL.

[TPUMEP 1.4 (TEOMETPUYECKUE BEKTOPBI)

ByzeM HasbIBaTh zeomempuueckUm 8eKmMopoM Kjacc HallpaBJIeHHOro oTpe3ka (Ha IVIOCKOCTU WU B
MIPOCTPAHCTBE) IO OTHOIIEHUIO SKBUBAJIEHTHOCTH, OTOXKIECTBIIAIONIEMY MEXKAY COO0 BCe OTPE3KH,
KOTOpBIe MOJIyYallieca ApYyr U3 Apyra NapauleJbHbBIM ITepeHocoM. HyneBbIM BeKTOPOM Ha30BEM
KJIaCC 9KBUBAJIEHTHOCTHU TOYKY — 3TO €IMHCTBEHHBIN BEKTOP, UMEIOIINH HYJIEBYIO IJTMHY U HEe UMEI0-
1y Hanpaeienusi. CJI0XKeHYEe BEKTOPOB OINPEAEAETC CTaHJapTHBIM 00pa3oM: HaZio BEIOPATh IIPe-
CTaBUTENEN BEKTOPOB @ U b Tak, YTOOBI KOHEI] @ COBMAJ C HAaYaJoM b, U OOBSIBUTDL 4 + b paBHBIM
BEKTOPY C HauaJoOM B Havaje a U KOHIIOM B KoHIle b. KOMMyTaTHUBHOCTb U acCOIMaTUBHOCTh 3TOM
olnepaunuy BUAHB U3 puc. 101 u puc. 102,

a+b+¢

Puc. 101. IIpaBuio napasuiesorpaMma. Puc. 102. [IpaBWIO YeTHIPEXYTOJIbHUKA.

HysneBEIM 371eMeHTOM ABJIAETCA HYJIeBOU BEKTOP. BeKTOp —a, IPOTUBOIIONOXKHBIM BEKTOPY A, MOJIy-
YaeTcs U3 BEKTOpa d U3MEHEHHEM ero HallpaBJeHUs Ha TPOTHUBOIOJIOXKHOE.

[TPUMEP 1.5 (MYJIBTUIUIMKATVBHASA I'PYIIIIA I10JI5)

YeTkIpe aKCHOMBI YMHOKeHHA 13 o1p. 1.1 Ha cTp. 20 yTBepXkAaioT, To MHOkecTBo F* ¥ F \ 0 Bcex
HeMyegblx 1eMeHTOB 1oy F siBiAeTcs abesieBoi TPYNIION OTHOCUTENIBHO ONlepalliy YMHOXKEHU.
OTy rpynily Ha3bIBAIOT MYAbMUNAUKAMUBHOU 2pynnoii noas. Ponb HynA u3 aaguTuBHOH rpynmsl F B
MyJIBTUIUIMKATUBHOM Tpytie F* ucrnonHseT eaunuia. B aberpakTHOM abesieBol rPyIIe TaKo# ai1e-
MEHT Ha3bIBaeTcA HellmpaibHbiM. MyIBTUIUINKATUBHBIM aHAJIOOM IIepexo/ia K IPOTHUBOIIONIOKHOMY
IEMEHTY ABJIAETCS IIepexofi K 06paTHOMY JIeMeHTY.

JIEMMA 1.1
B snr06011 abeneBoii rpymme A HEUTpaNbHBIN 2JIEMEHT eZIMHCTBEH, U /I KAKJ0T0 a € A IPOTHUBOIIO-
JIOXKHBIH K @ 3JIEMEHT —a OIPeAEIISAETC TI0 @ OAHO3HAYHO. B yactHOCTH, —(—0a) = a.

JIOKA3ATENBCTBO. ByzieM 3amuceIBaTh oliepalinio B A aAAUTHBHO. Ecii ecTb ZiBa Hy/IeBBIX a7ieMeHTa 0
u0,,700, = 0,40, = 0, (IepBoe paBEHCTBO BHIILUIHEHO, Tak Kak 0, AB/IAETCA HyJIeBbIM 2JIeMEHTOM,
BTOPOE — MOCKOJIbKY HY/IEBBIM 3JieMeHTOM siBseTcs 0,). Ecim ecTs Ba anemenTa —a v —a’, mpoTu-
BOIIONIOXHBIX K @, T0 —a = (—a) + 0 = (=a) + (a +(—a’)) = ((ma)+a) +(-a’) = 0+ (-a’) = —a’.

]

JIEMMA 1.2
B 1060M KOMMYyTaTUBHOM KOJIbIIE C €IMHULIEH /JiA JI060T0 3/IeMeHTa @ BHITIOJIHAIOTCA pPaBeHCTBA
0-a=0u(-1)-a=-a.
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JTOKA3ATENBCTBO. I[TycTh a-0 = b. Tornab+a =a-0+a-1 =a(0+1) = a-1 = a. [Ipubasniss k obe-
UM 4YacTsIM 3TOTr0 paBeHCTBA (—a), monydaeMm b = 0. Bropoe yTBep:keHME MTPOBEPSIETCA BBIKIAAKOM
(-)-a+a=(-1)-a+1l-a=((-1)+1)-a=0-a=0. ]

3AMEYAHME I.I. AKCHOMa HeTpuBHaIbHOCTH (1-10) B ompezieieHNY 101 paBHOCHIBHA TPe6OBAHUIO
F # 0, mockonbky pu 0 = 1 a1a kaxzgoro a € F nonydanoce 6s1a = a -1 = a - 0 = 0. O6pazosa-
HUe, COCTOsAIIee U3 OZHOTO HyJIA, COIVIACHO IIPEABIAYIINM ONPeJe/IeHUAM, ABIAeTCA KOMMYTaTUBHBIM
KOJIbLIOM (6e3 e[MHULIBI), HO He TIOJIEM.

1.1.3. Beruuranue u genenue. 13 iem. 1.1 BrITEKAET, YTO B 11060i1 abeieBO TpyIIie KOPPEKTHO
olpeziesieHa pasHoCcms JMIOOBIX BYX 3JIeMEHTOB

a-b¥a+(-b). (1-12)

B wacTHOCTH, omepanys BHIYUTaHUsA UMEETCS B aIUTUBHOMN IrPyIIIe JI060ro KOMMYTaTUBHOT'O KOJIb-
11a. B mmosie HeHy/IEBbIE 37IEMEHTHI 00Pa3yIoT abesieBy TPYIIILY IO YMHOXKEHUI0. [103TOMY B 1II060M 10JTe
WMEeETCS POBHO OZIMH €ZIMHUYHBIH 2JIEMEHT, U JJ1s1 JII000T0 HEHYJIEBOT'O 3JleMeHTa a 0OpaTHHIN K HEMY
37IeMeHT a” * 0ZIHO3HAYHO OIIpejeNnsaeTcs 1o a. TeM caMbIM, B TF060M T107le TOMUMO CJIOKeHHsA, YMHO-
»KeHus U BeruuTanusa (1-12) umeercs onepanus desieHusl Ha JIIOOble HEHYJIEBBIE 3JIEMEHTHI

a/b¥ab™, b+#0. (1-13)

1.2. letMMOCTH B KOJIBLIE LEJIbIX Yrcesl. OCHOBHBIM OTIMYMEM KOMMYTAaTUBHBIX KOJIEI] C eTUHUIIEH
OT TIOJIEH ABJIAETCA OTCYTCTBUE OOPATHBIX 3JIEMEHTOB K HEKOTOPBIM HEHYJIEBBIM 3JIEMEHTaM KOJIbIIA.
DJleMeHT a KOMMYTaTHUBHOTO KoJiblla K ¢ eAMHUIIEN Ha3bIBaeTCs 06paAmumMbiM, €CJIU B 3TOM KOJIbI[E
CylllecTBYeT TaKoi 3eMeHT a~ *, 4To a” *a = 1. B IpOTHBHOM clydae d/IeMeHT a Ha3kIBaeTcd Heobpa-
mumbim. Harpumep, B Kosiblie Z 06paTUMBIMU 3JIeMEeHTaMHU ABJITIOTCSA TOIbKO 1 11 —1. B xosbiie Q[x]
MHOTOWIEHOB C palOHANbHBIMU KO3GQUITMEHTaMU 06paTUMBbIMU 3JIEMEHTAMU SABJISIOTCA HEHYIIe-
Bble KOHCTAHTHI (MHOT'OYIEHHI CTeTIeH! HY/Ib) U TOJBKO OHU.

ToBOPAT, YTO 2/IEMEHT a OenUmcsl Ha 3JIEMEHT b, ec/ii B KOJIbIIE CYIIEeCTBYeT TaKOU 3JIEMEHT ¢,
4yTO @ = bq. DTO 3anmuchiBaeTcsa Kak b|a (uutaetcs «b AeMUT a») WIK KaK a : b (YMTaeTcs «a AeJTUTCS
Ha b»). OTHOIIIEHNE AeTVMOCTU TECHO CBA3aHO C PEIleHNEM JIMHEHHBIX YPaBHEHUN.

1.2.1. YpaBHeHue ax + by = k, HOJl u HOK. 3adukcupyeM Kakue-HUOYb LeJIbIE YUCTIa A U b
1 0003HAYUM Yepe3
(a,b) ¥ {ax + by | x,y € 7} (1-14)

MHOXKECTBO BCEX IIEJBIX YKCE, MIPEACTaBUMBIX B BUZE ax + by ¢ LeJbIMU X, Y. DTO MHOXKECTBO 3a-
MKHYTO OTHOCHTETHHO CIOKEHUSA M BMECTE C KayKABIM CBOUM 3JIEMEHTOM COZEPIKUT BCE €0 I[eJIbIe
kpaTHbIe. Kpome Tor0, BCe uncia u3 (a, b) Halesno AensaTcs Ha KaX/Ibli 00U IeTUTeNb Yricel a u b,
a camu a u b Toxe BxoAaT B (a, b). O603HaYuM Yepe3 d HauMeHbIIlee MTOJOKUTENbHOE YHCIO B (a, b).
OcTaToK OT ZieJieHus Jo60ro uucia z € (a, b) Ha d 1exut B (a, b), TOCKOIBKY MIPeCTaBIAETCI B BU-
e z — kd, rae u z u —kd nexat B (a, b). Tak KaK 3TOT OCTAaTOK CTPOT0 MeHbIlle d, OH paBeH HYJIIO.
CrneznoBaTenbHO, (a, b) COBIaZiaeT ¢ MHOXKECTBOM BCEX YHCEN, KPATHBIX d.

Taxkum ob6pa3om, YKciIo d ABASETCS OOIIUM AeTUTENIEeM ducen a,b € (a, b), mpeacTaBaseTcs B
Buzle d = ax + by u genutcsa Ha 060U o6l AeuTenb urcen a u b. TIpu 3TOM TPOU3BOIBHOE
yucio k € 7Z nipeactasiseTcs B Buzie k = ax + by e ¥ TOJIBKO €CJTM OHO JeauTcesa Ha d. Yucio d
HasbIBaeTCs Hauboabwum obuium deumesiem ducen a, b € Z u obosHavaeTcsa Hoz(a, b).
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YIPAXKHEHUE 1.4. O6001T1Te pozielaHHbIe TOJBKO YTO PACCY:KAEHUS: /IS IF060T0 KOHEYHOTO Ha-
6opa uucen a,, ..., a,, € Z ykaxure yucio d € Z, KOTopoe JeUT Bce a;, eJIUTCA Ha 00
VX OOIIUH feTUTeNb U IIpe/CTaBaaeTca B Bujge d = a,X; + +++ + QX C LeJIBIMHU X;. [JokaxuTe
TaK’Ke, YTO yPaBHEHUE N = A X; + *** + Ay, Xy, PA3PELINMO OTHOCUTEIBHO X; B KOJIbLIE Z €CIU U
TOJIBKO ecyii d|n.

3amwuceiBasg yncaa a u b kak a = ad, b = d, tae d = HOA(a, b), MBI 3aKII04aeM, YTO YKUCIIO
c=afd =Ba=ab (1-15)

JeJIUTCs Ha a ¥ Ha b. TTokaXkeM, ITO ¢ IeJIUT Bce oOIIre KpaTHble urcesn a u b. [Tyctb m = ka = £b. Tak
Kak Hoz(a, ) = 1, cyllecTBYIOT Takue X,y € Z, uTo ax + fy = 1. YMHOkas 06e 4aCTu 3TOro paBeH-
CTBa Ha M, MBI 3aKJ049aeM, 4Tom = max+mpy = fhax+kafy = c({x+ky), kak 4 yTBepKAanoch.
YuUCTo ¢ Ha3bIBAETCS HAUMEHbIWUM 00WUM KPAMHbLM YUCET a U b 1 0o603HavaeTcss HOK(a, b).
YMPAXXHEHUE 1.5. Y6eAUTeCh, YTO BCe LieJIble pellleHus (X, y) ypaBHeHus ax + by = k UMeloT BUZ
X =xy+nf,y =y, — na,Tae a u [ Te xKe, 4TO U BHIIIE, (X, Y,) — KaKoe-TO OZHO pellleHue, a
n € Z — noboe.

1.2.2. Aaropurm EBkimga—-Taycca. Hatity Hoz(a, b) A1 JaHHBIX @, b € Z v IpeiCTaBUTD €T0 B
BU/le HOZ(A, b) = ax + by c UensIMU X, Y MOXKHO ciefyronyM obpaszom. CocTaBuUM TabIUITy

a 1 0
<b 0 1> (1-16)

1 OyzeM peoOpa3oBLIBATh €€ CTPOKH, TO3JIEMEHTHO MPUOABIISAA K OGHON CTPOKE APYTYIO, YMHOXK€EH-
HYIO Ha [TOAXOJSIIEe [[eJI0e YHUCIIO TaK, YTOOBI OAMH U3 3IEMEHTOB IIEPBOTO CTOIONA KaXKABIN Pa3 CTPO-
ro YMeHbIIaICA 110 abCOMOTHON BeMYMHe. TO BO3MOXKHO /IO TeX IIOp, ITOKa OIWH U3 3IEMEHTOB B
IepBOM cTobIe He 0GHyIUTCS. [Tocie 3TOro, MeHss IPU HEOOXOAMMOCTY CTPOKU MeCTaMU H/WIN
MeHsA 3HaK y BCEX 3JIeMEeHTOB OZHOM M3 CTPOK, MOXKeM IIepelrcaTh [OIyIeHHY0 TabuIly B BUuze

d x vy
<0 k e>’ (1-17)

rae x,y,k,¥ € Zwu d € N. dto o3Hauaer, uro HoA(a, b) = d = ax + by, aHok(a, b) = |ka| = |£b|,
npuuém Hoz(k, £) = 1. Hanpumep, ana uucena = 5073 u b = 1 064 momydaem’:

5073 1 0

<1064 0 1> D= M=5-@2)
247 1 -5

(1064 0 1> @)= @+4-@)
247 1 -5

(583 ) oo
19 13 —62

( 76 _19> 2~ 2)+4-(1)
19 13 —62

<0 _267) (1) > (1)

19 62

0 —267) -

!3ammce Bpoge (1) — (1) — 5 - (2) 03HaYaeT, 9TO K 1-if CTPOKe NpUBABIAeTCA 2-, yMHOXeHHAaA Ha —5.
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Tem cambiM, HOZA(5 073, 1064) =19 = —-13-5073 + 62 - 1064, Hok(5 073, 1064) = 5073 - 56 =
=1064-267.

YIIPAXKHEHUE 1.6. YO€AUTECH, YTO B KaXKI0H BO3HUKAOIIEH 110 XO/IY BBIYUCIEHUS TabIuIe

m x y
n s t
KpOMe, MOXET OBITh, UTOTOBOH (II0ly4eHHOW IIEPeCTaHOBKOM CTPOK U/ VUIM CMEHOH 3HaKa B OfI-

HOM 13 CTPOK) BBIIIOJIHAIOTCA paBeHCcTBa M = xa + by,n = as + bt uxt —ys = 1.

3 YHpaXHEHHUA BBITEKAET, YTO 3JIEMEHThBI BOSHHKaIOH.[eﬁ B KOHIIE€ BBIYMCJIEHUA Ta6]II/II_[e BuUza

d x y 0 s t
Win ,

0 s t d x y

(rae d’ € Z mMoxeT oTIMYaThCA OT UTOroBOro d € N JUIITb 3HAKOM) BHIIONHAIOTCA PaBEHCTBA
d =ax+by, sa=-th, tx—sy=1. (1-18)
13 mepBoro cieayert, 9To d’ AemmTes Ha Bee 06IIMe AeTUTeNN icea a U b. YMHOXas ocaefHee pa-
BEHCTBO Ha @ U Ha b U MO/Tb3ysACh TIEPBBIMU JIByMsl paBEHCTBAMHU, 3aK/II09aeM, 9TO
a=atx—asy=atx+bty=td" u b=btx—bsy=—asx—bsy=—sd’

o6a genarca Ha d’, otkyza d = |d’| = Hoa(a, b). Bropoe paBeHcTBO (1-18) MOKa3bIBAET, YTO YHCIO0
¢’ = sa = —tb apnsAeTca O6IMM KpaTHEIM a 1 b. YMHOXas TpeThe paBeHcTBo (1-18) Ha mo6oe obee
KkpaTHoe m = ka = £b uucen a u b, ybexaaemcs, utom = mtx —msy = £btx—kasy = —c’ (£x+ky)
Jemutca Ha ¢/, otkyza ¢ = |¢’| = Hok(a, b).

3AMEYAHUE 1.2. C BBIYHUCIUTENBHOU TOYKM 3peHUs OThICKaHUe HO/(a, b) 1 HOK(a, b) 10 anropuTmMy
EBxunza — laycca Heconocmasumo GBICTpee pas3ioXKeHUs Yuces d U b Ha IpOCThle MHOXUTeH. YuTa-
TEeJIO0 TpeJiaraeTcss yoOeJUThCS B 3TOM, IOMPOOOBAaB BPYYHYIO PA3JIOXKUTh HAa MPOCTHIE MHOXKUTEIH
yuciaa 10 203 u 4 687. Beruucienue o arroputMmy EBkinza —I'aycca 3aHuMaeT 6 CTPOK:

<10203 1 0) Do 1)-2-@2)

4687 0 1

829
<4687 0 > 2)»(2)-6-(1)

829 2
< el 6 13) (1)~ (1) +3-(2)

-32 17 37 (1-19)
< o 13> @~ @-9-(1)

-32 -17 37
< 1 147 320) D= @D +32-(@2)

1 147 =320

oTKyzZa HOzA(10203,4 687) =1 =147 -10203 — 320 - 4687, Hok(10 203,4 687) = 10 203 - 4 687.
Eciy u3BecTHO IIpoM3BeZieHHE ABYX OUeHb OOJBIINX IIPOCTHIX YUCEJI, TO U3BJIeYb U3 HErO CaMU 3TU
YHCiIa 32 Pa3yMHOE BpeMs He 10/ CUITY a)Ke MOIHEIM KOMIIBIOTepaM. DTO OOCTOATENbCTBO JIEKUT B
OCHOBe MHOI'HIX ITOIIY/IIPHBIX CHUCTeM IMKU(pOBaHUA JaHHBIX.

<0 4687 10 203)
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1.3. BsauMHas NpocToTa. Bhillle MBI BUZENH, YTO B KoJblle Z yciaoBue HoA(a, b) = 1 paBHOCHIIB-
HO paspelIMMOCTH B IIeJIbIX YHUCIaX ypaBHeHUsA ax + by = 1. Yucra a, b, obnazaiomniye 3TUM CBO¥-
CTBOM, Ha3BIBAIOTCA 83AUMHO NPOCMbLMU. B IPOU3BOILHOM KOMMYTAaTUBHOM KoJblie K ¢ eauHULIEH
Y3 pas3peurMOCT! ypaBHeHUs ax + by = 1 Taxke BBITEKAeT OTCYTCTBUE Y 2JIEMEHTOB a U b He06-
paTUMBIX 06X AenuTeneil: ecmia = da, b = df,uax + by = 1, tod(a + ) = 1 u d obpa-
TUM. OZHAKO, OTCYTCTBHE y a U b HeOOpaTHMBIX OOIINX eTuTeNlel, BOOOIIe TOBOPs, He TapaHTUPYeET
paspenmMocTy ypaBHeHus ax + by = 1. Haupumep, B KOJblle MHOTOWIEHOB OT JBYX II€PeMEHHBIX
Q[x, y] omHOWIEHB! X U Yy HE UMEIOT OOIUX JeUTeNeH, OTINIHBIX OT KOHCTAHT, OJHAKO PAaBEHCTBO
f(x,y) x4+ g(x,y) -y = 1 HeBO3MOXXHO HU IIpU Kakux f, g € Q[x, y].

YIPAXXHEHUE 1.7. OOBSCHUTE IIOYEMY.

OkasbIBaeTcs, 4YTO UMEHHO pa3pelIMMOCTb YpaBHEHUI ax + by = 1 BieuéT 3a co60I0 HAIUYIHE Y
3JIEMEHTOB A, b MHOTMX MPUATHBIX CBOMCTB, KOTOPBIMH 00JI1a1al0T B3AMMHO IIPOCTBHIE IIeJTbIe YHCIIA.

ONPEJEJIEHME 1.2
DyeMeHTHI a ¥ b TPOM3BOJILHOTO KOMMYTAaTUBHOTO KOJIbIIA K € €ZIMHUIIEH HAa3bIBAIOTCA 83AUMHO NPO-
CMbLMU, €CJTA YpaBHeHMe ax + by = 1 paspemmmo B K OTHOCUTETBHO X U Y.

JIEMMA 1.3
B Ipon3BOIBHOM KOMMYTaTUBHOM KOJiblle K ¢ eJUHUILIEH 7151 J1t060T0 ¢ € K ¥ TI06BIX B3aUMHO TIPO-
CTHIX a, b € K crpaBeAIvBb UMIUIUKALIUN:

(1) ecu ac genuTcsa Ha b, To ¢ genuTcsa Ha b

(2) ecnu ¢ genuTea v Ha a, K Ha b, To ¢ AenuTcesa v Ha ab.
Kpome Toro, ecu a € K B3aUMHO IIPOCT C K&XKABIM U3 3JIEMEHTOB b, ... , b,,, TO OH B3aIMHO IIPOCT U
C UX Ipou3BeAieHUeM b, ... b,,.

JIOKA3ATE/IbCTBO. YMHOXKas1 00e YacTH paBeHCTBa ax + by = 1 Ha ¢, mojlyJyaeM COOTHOLIeHHe
¢ =acx + bcy,

U3 KOTOPOTro BBITEKAIOT 0be ummuukanuu (1), (2). Eem Vi 3x;,y; € K : ax; + b;y; = 1, To 11e-
PEMHOKas BCE OTU PaBEHCTBA U PACKPhIBast CKOOKH, IMOJYIUM B JIEBOM YaCTH CyMMY, B KOTOPOU Bce
ciaraemsle, Kpome (b ... by,) - (¥4 ... ¥y,), AenATcA Ha a. BeIHOCA a 3a CKOOKY, IPUXOAMM K COOTHOLIe-
Huoa - X +(by ... by) - vy ... y) = 1. ]

YIPAXXHEHUE 1.8. [Tosb3ysack geM. 1.3, ZOKaXXUTe CIeAYIOIyI0 TeopeMy 06 OZHO3HAYHOCTH Pa3jio-
JKEHUS Ha IPOCThle MHOXKUTENIU B KOJIbLle Z: BCAKOE IIeJIoe YHC/IO Z SABJIAETCA IIPOU3BeeHueM
KOHEYHOT'O YMC/IA TIPOCTHIX YHceN’, IPUIEM JII06ble [Ba TAKHUX MPe/ICTABIeHUA

P1---Px=Z=(q1---qy

HMEIOT OMHAKOBOE YHC/I0 COMHOXUTENEH K = M, ¥ 3TU COMHOXUTEITN MOXXHO IIeEPeHyMepOBaTh
TakK, 4YTOOBI p; = =+q; /1A BCeX 1.

3AMEYAHME I.3. (HO/ M1 HOK B [IPOM3BOJIbHOM KOJIBLIE) B IIpOM3BOJIBHOM KOMMYTaTHUBHOM KoJibIle K
IPUHATO HA3BIBATh HAUOOALULUM 00WUM Oesilmeiem DIIEMEHTOB a, b € K moboii anemeHT d € K,

1HaHOMHI/IM, YTO LI€JI0€ YUCJIO HAa3bIBAE€TCA NPpOCmMsim, €CJIN OHO HE paCKJIaAblBa€TCA B IIPOU3BEAEHUE ABYX
HeO6paTI/IMbIX LEJIbIX YHCEJII.
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KOTOPBIH ZIEJIUT @ U b U IeJIUTCS Ha BCe MX OOIIMe AeTUTENN. DTO ONpeZiesieHre He rapaHTUpPyeT HU
CYH_IECTBOBaHI/IF[, HU €JUHCTBEHHOCTU HaI/I6OJ'II)H.IeI'O O6H.[el"0 AeNUTeNnd, HU ero HpeﬂCTaBI/IMOCTI/I B
Buzle d = ax + by. AHaJOTUYHO, HAUMEHbLWUM 0OWUM KPAMHbLM DJIEMEHTOB a, b € K HasbiBaeTcs
Jt0001 31eMeHT ¢ € K, KOTOPBIH IeTUTCA Ha a U b ¥ IeSTUT Bce uX 00111e KpaTHble. TAKOTO 3/ieMeHTa
TOXE MOXKET He OBITh, 4 €CJIM OH €CTh, TO He 0053aTe/IbHO €UHCTBEH.

1.4. Konbiio BeiueToB Z / (n). HaHOMHfol, YTO YMCJIa a4, b € Z Ha3bpIBAIOTCA CPABHUMBLMU IO MOZY-

JIIO M, YTO 3aMuChiBaeTcs Kak a = b (mod n), ecnu ux pasHocTh a — b genurcs Ha n. CpaBHUMOCTD
II0 MOAYJ/IIO N ABJIAECTCA OTHOIICHHUEM 3}(BI/IBa]'IeHTHOCTI/I2 nu p336I/IBaET MHOXECTBO LEJIbIX YHCEl Ha
HellepeceKaroIecs KJIACChl CPABHUMBIX TI0 MOZYJTIO 1 YUCeT. DTH KJIACCHl HA3bIBAIOTCS KAACCAMU 8bl-
yemog no ModyJ10 N, a KX COBOKYITHOCTb 0003Ha4aeTcs uepes Z /(n). Msl 6yaem nucars [a],, € Z/(n)
JUTst 0603HaYEHUS K1acca, coeprKaIlero 4ucio a € Z. Takoe o603HaveHre He OTHO3HAYHO: pa3Hble
ynucaa x € Zuy € Z 3aAaioT OAUH U TOT e kiaacc [x],, = [y],, eciu u Tonpko eciu x = y + dn
211 HekoToporo d € Z. Beero B Z / (n) uMeeTca n pasnuyHbIX Kiaaccos: [0],,, [1],, ... , [(n — D)],.
CnoxxeHue ¥ YMHOXKeHME KJIaCCOB BBIYETOB 3aaéTCs IPaBUIaMU:

[al+[b]1 = [a+b], [a]-[b] % [ab]. (1-20)

ComtacHo ymip. 0.10 Ha cTp. 11, 3TK onepanuy onpezeieHbl KOppEKTHOS. OHM OUeBUIHBIM 06pazoM
VZIOBJIETBOPSIIOT aKCMOMaM KOMMYTAaTHUBHOT'O KOJIbIIA ¢ efAnHUIEeN — popmyrtsl (1-20) cBoaAT omepa-
LMY Ha/J, BBIUETAMU K OllepanyaM Ha/, LeJbIMU YMCIaMU, AJ1s1 KOTOPBIX aKCHUOMBI BBITIOJIHEHBI.

1.4.1. JlenuTenu HyJ A ¥ HIIBIIOTEHTHI. B Z /(10) mpousBeseHue kinaccos [2] u [5] paBHO HyITIO,
XOTs KaxcOblil U3 HUX OTJIMYEH OT HYJIs, a B Koiblle Z / (8) HeHyneBo kiacc [2] UMeeT Hy/neBo Ky0
[2]3 = [8] = [0]. DnemeHT a MIPOU3BOIBHOTO KOMMYTATHUBHOI'O KOJIbIA K Ha3bIBaeTcs desiumeniem Hy-
s, ecu ab = 0 11 HEKOTOPOTo HEHYIEBOTO b € K. TpUBUANbHBIM JIeTUTENEM HYJIS IBJIETCA HYJb.
O6paTuMBblii o71eMeHT a € K He MOXKeT ObITh IeJIUTeIeM HyJIA, TOCKOJIbKY, YMHOXast 00e YaCcTH paBeH-

crBaab = Ouaa™?

, MbI ioimydaeMm b = 0. TeM caMbIM, KOJIBIIO C HEHYJIEBBIMU JIeTUTEIAMU HY/IA He
MOXKeT ObITh TTosieM. KosibIfo ¢ eZiuHuIlel 6e3 HeHy/IeBbIX AeTUTeNe HyIA Ha3bIBAETCS UeJI0CTHbIM.
DeMeHT a Koiblla K HaselBaeTcsa Huwibnomenmom, ecin a” = 0 s Hekoroporo n € N. Tpusu-
JIbHBIM HUIBIIOTEHTOM SIBJIAETCS HY/Ib. BCAKUI HWIBIIOTEHT aBTOMAaTUYECKU AeNUT Hyslb. KOIbIlo C
eZIHUIIEH 6e3 HeHY/IeBbIX HUIBIIOTEHTOB Ha3bIBaeTCs npusedérHbim. HampruMep, Kaskoe 1eJI0CTHOe

KOJIbIIO IIPUBEZICHO.

1.4.2. O6paTuMBIe d/1eMeHThI KOJIbIia BbI9eToB. O6paTuMocTs kiaacca [m],, € Z/(n) o3HavaeT
cylllecTBOBaHUe TaKoro kjiacca [x],, uro [m],[x],, = [mx],, = [1],. IlocienHee paBeHCTBO paBHO-
CWIBPHO HAJIMYUIO TAKUX X,y € Z, yTo mx + ny = 1 B Z. Tem caMbIM, Ki1acc [m],, o6partum B Z / (n)
ecJIu U TOJIbKO ecyiv HoZi(m, n) = 1 B KoJblie Z.

[IpoBepuTh, 06pATUM JIU AAHHBIH K1acc [m],,, ¥ eciu 1, BEIMUCIUTD [m],_Ll, MOKHO ITpH IIOMOIIU
anroputma Eskmaa —Taycca®. Tak, npogeransoe B popM. (1-19) Ha cTp. 25 BEIYMCIEHHE TTOKA3bIBa-
e, yto ki1acc [10 203] o6patum B Z/(4 687) u 10 203~ = 147 (mod 4 687), a xnacc [4 687] o6paTum
BZ/(10203) 1 46871 = —320 (mod 10 203).

1Cm. pum. 0.4 Ha cTp. 10.

2Cm.n° 0.4 Ha ctp. 9.

3T. e. He 3aBHCAT OT cII0cO6a 3aIMKCH KJIACCOB M, 4TO TO 3Ke caMoe — OT BEI60pa MpeZicTaBuTeNel a € [a]
ub € [b].

4Cm. n° 1.2.2 Ha cTp. 24.
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O6paruMeble 31eMeHTH Koblia Z / (n) 06pa3yioT MyJIbTUIUIMKATUBHYIO abeneBy rpynmy. OHa Ha-
3BIBAETCA 2PYNNOil 06PAMUMbLX 8blUEMOE TI0 MOZYJIO N ¥ 0603HavaeTcsa Z/(n). [IopAfoK 3TOH IpymIIbl
PaBeH KOJIMYECTBY HATYPaIbHBIX YHCET, MEHBIIHX N ¥ B3BAMMHO MIPOCTHIX ¢ . OH 0603HavaeTcsa yepes
p(n) ¥ |z/ (n)x| U Ha3bIBaeTCsa yHkyuell diiepa yncian € Z.

[IPUMEP 1.6 (TEOPEMA DIUIEPA U MIOPSIZIOK OBPATUIMOT'O BBIUETA)
YMHOMXeHMe Ha GUKCHPOBAHHEIH 06paTUMbIii BereT [a] € Z/(n)* 3a7aéT 6uekiuio’

a: Z/(n)* > 7Z/n)*, [x]+~ [ax], (1-21)

06paTHOH K KOTOPOiA AB/AETCA yMHOMKeHHe Ha BerdeT [a] ™ *. TToc/ieZioBaTeIbHO MpUMeHsA OTobpaske-
uue (1-21) K Ipou3BOIBLHOMY 3JIeMeHTY [z] € Z /(n)*, monydyaem 1emouKy ero o6pasosn

(2] 5 [az] S [a%2] S [a32] S ..., (1-22)

KOTOpBIE HAUYHYT MOBTOPATHCS, 60 MHOKECTBO BHIUETOB KOHEYHO. B cuiy 6MeKTUBHOCTH OTO6pa-
skeHud (1-21), caMbIM IIEPBBHIM TIOBTOPHO BCTPETUBIIUMCS dJIEMEHTOM 1enouku (1-22) cTraHeT eé Ha-
YaJIbHBIN 2JIEMEHT [ 7], T. €. 1lenouka (1-22) aBisgeTcs UKIOM. B cuty Beé Tol ke GUEKTUBHOCTH OTO06-
pakeHus (1-21) ABa TaKuX LIUKJIa, TPOXOJAIIME Yepe3 Kaacchl [x] u [y], 11ubo He mepecekatoTcs, 1160
IIOTHOCTBIO cOBNaZaT. KpoMe TOro, Bce IIUKIBL UMEIOT OAMHAKOBYIO JJIVHY.

VIIPAXKHEHUE I1.9. Y6euTech, 4T0 0TOOpakeHHs yMHOXeHudA Ha [x] ™ [y] nHa [y]™[x] cyTs B3auM-
HO o6paTHBIe GUEKINY MEeXAY ITMKIaMU, TPOXOASIIUMU Yepes3 Kiaacch [x] u [y].

Mzl 3akittouaem, uto Z/ n)* pacmaziaeTcs B 06beIMHEHNE HETlepeceKaroIUXCs UKIIOB (1-22) oduHa-
K06011 OUHBL T, KOTOPast TAKMM 06pa3oM sIBJIAETCsA AeauTeneM unucaa ¢(n) = |Z/(n)*|. YMHoxas o6e
wacty paBeHcTBa [z] = [a]™[z] Ha [z]~*, monygaem [a™] = [1], oTkyaa u [a®"™] = [1]. UubIMHE cTO-
BaMU, /IJis TFOOBIX B3aWMHO ITPOCTHIX LIEJIBIX YHUCENT @ Y N BBITIOJHAETCS CPaBHEHUE a®™ = 1 (mod n).
DTOT QaKT U3BECTEH KaK meopema Diiepa. YHUCI0 M OJHO3HAYHO XapaKTEPU3YeTCs KaK HauMeHbIlee
Takoe k € N, uto [a]k = 1, v Ha3BIBaeTcs nopsadkom obparumoro Berueta [a] € Z/(n)*.

1.4.3. Tlojsa BEIYETOB ]Fp = Z/(p). V3 ckazaHHOro B Havyase n° 1.4.2 BBITEKAET, YTO KOJIBIIO BBI-
4yeToB Z / (n) ABJsAETCA MONEM TOTZA U TOJIBKO TOTZa, KOTZA N ABIAETCS NPOCMbIM uciom. B camom
Jene, ecnu h = mk cocTaBHOe, HeHyeBbIe kiaccel [m], [k] € Z/(n) aenst Hyib ¥ He MOTYT OBITH 06-
paTuMbl. HamrpoTus, eciiu p mpocToe, To HoA(m, p) = 1 711 BceX m, He KPaTHBIX P, U 3HAYUT, KaXKIbIH
HeHyneBoH kinacc [m] € Z/(p) o6patnm. Tlone Z / (p), TAe p IPOCTOE, IPUHATO 0603Ha4ATD ).

[TPUMEP 1.7 (BUHOM HBIOTOHA IO MOZYJIIO P)
Bmone F, =7Z / (p) BhITIOMTHsIETCSA 3aMeYaTeNbHOE PABEHCTBO

1+1+--+1=0. (1-23)
——— —
p pas

VI3 Hero BBITEKAET, UTO /i JIOOBIX @, b € F,, BBIOTHAETCSA PABEHCTBO
(a+b)P =aP + bP. (1-24)

|
B camoM gieste, pacKkphiBas cKoOKu B 6uHOME (a + b)P, MBI 211 KX 0T0 K TIOIyIrM (z) = ﬁ
HOYWICHOB akbp_k, cyMMa KOTOphIX paBHa (1+...+1)- akpr—k , T7le BHYTPH CKOOOK CKJIa/IbIBAIOTCS (Z)

epnnun nos [y, Takast cymma paBHa Hymo pu 0 < k < p B CHULy CIEAYIOIEH TEMMBI.

of-

'Cm. n°0.5.2 Ha ctp. 14.
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JIEMMA 1.4
I[pu mpocToM p U JTr060M HaTypasbHOM k B mipegenax 1 < k < (p — 1) 6uHOMUANBHBIN KO3bOUIH-
€HT (Z) JIeIUTCA Ha P.

JIOKABATE/ILCTBO. Tak KaK YUCJIO p B3AMMHO ITPOCTO CO BCEMU YMciaMu oT 1 7o p — 1, oHo 1o jiem. 1.3
B3aMMHO IIPOCTO ¢ Tpou3BezeHueM k! (p —k)!. [Tockonbky p! menmutcs Ha k!(p—k)!, u3 Toti ke tem. 1.3

cnenyet, uto (p — 1)! genurcea Ha k!(p — k)!, a 3Hauwr, (z) = k'(;:—k)' JleJINTCA Ha P. O

CJIEACTBUE I.I (MAJIASI TEOPEMA PEPMA)
Jlnst mo6oro a € Z w mo6oro npoctoro p € N BemonuaeTcs cpaBHenue aP’ = a (mod p).

JloKA3ATENLCTBO. Hazio mokasats, uto [aP] = [a] B mone F,,. Cornacuo (1-24)

@l = ([1]+ ...+ [1)" = [1P + ..+ [1]P = [1] + ... + [1] = [a].

' ' '
a pas a pas a pas 0
VIPAXXHEHME 1.10. BEIBeauTe Matyio Teopemy depMa us TeopeMs! Ditepa’.

n
YIPAXKHEHUE 1.1I. [Tokakute, 4TO (";: ) = m (mod p) Ana mpocToro p 4 m.

1.5. Tomomopduambl. OTOOparkeHue abeneBrIX IPyn ¢ © A — B Ha3BIBAETCS 20MOMOpPHU3MOM,
€CJI A MIoOBIX a4, 4, € A B KoJblie B BBITIOJIHEHO COOTHOIIIEHMe

(p(a;[ + az) = <P(a1) + (P(az) . (1-25)

B yacTHOCTH, 3TUM YCIIOBUAM YAOBIETBOPSIET HY/1egoll (MIM mpusuaibHblil) roMoMopdu3m, oTobpa-
JKalolui Bce 37IeMeHTH A B HyJIeBOii ajleMeHT B.

YIIPAYKHEHUE 1.12. Y6€[UTeCh, 4TO KOMIIO3HI[HA~ TOMOMOPGU3MOB — 3TO TOXE TOMOMOP(HU3M.

Jlto60ii romoMopdusM ¢ : A — B IEpPeBOAUT HYJIEBOH 2JIeMeHT TPYIIHL A B HY/IEBOM 2/IEMEHT I'PYTI-
el B, Tak Kak u3 paBeHCTB @(0) = ¢ (0 + 0) = ¢(0) + ¢(0) BriTekaeT, uTo 0 = ¢(0). Brkazka

p(a) + p(—a) = p(a+(-a)) = p(0)=0

IoKaseIBaeT, 4To ¢(—a) = —@(a). Tem cambIM, 06pa3 im¢@ = @(A) C B mob6oro romoMopdusma
¢ . A — B apnsetcs abeseBo OATPYIIIOH B B.

1.5.1. fgpo. [TonHbIM Tpoo6pa3 HyJIEeBOTO 3/IeMeHTa TPYIIb B ipu romoMmopdusme ¢ : A - B
HasbIBaeTcsa 10pom roMoMopdusma ¢ u 0603HavYaeTCs

kerp = ¢~ (0)={a € A| ¢p(a) =0} .
fznpo obpasyeT B A MOArPYIILy, TaK KaK U3 paBeHCTB ¢(a,) = 0 u ¢(a,) = 0 BEITeKaeT paBeHCTBO

pla, +a,)=¢(a) +p(a,)=0+£0=0.

1Cm. mpum. 1.6 Ha cTp. 28.
2Cm. n° 0.5 Ha cTp. 12.
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[IPEZ/IOKEHUE 1.1
Kaxxaprit HelrycTo croit! romoMop¢u3aMa abeeBbIX TPYII ¢ . A — B BISETCA CABUTOM €ro AApa:

o Yp@)=a+kerp={a+a’|a’ Ekerg)ampcexa € A.

B 4acTHOCTH, BCE HEIYCThIE CIOW HAXOAATCA B OUEKIIUHU APYT C APYrOM, U UHbEKTUBHOCTH TOMOMOP-
¢dusma @ paBHOCWIbHA paBeHCTBY ker ¢ = {0}.

JIOKA3ATENBCTBO. PaBeHcTBa ¢(a,) = @(a,) u ¢(a; — a,) = @(a,) — ¢(a,) = 0 paBHOCWIbHBIL.
[TosToMy 57I€eMeHTH a,,d, € A IepexoiAT B OAUH U TOT 3Ke 3JIeMeHT U3 B Torza U TOJIBKO TOTAA,
Korza a; — a, € ker(¢). g

[TPMEP 1.8 (KBAJIPATHI B ITOJIE. IFp)

3adukcupyem npocroe p > 2. OTrobparkeHUe @ : IF; - [F;, x +— x?%, AaBnAeTcs ToMOMOPPUIMOM
MYJIbTUILUTUKATUBHOM T'PYIINBI HEHYJIEBBIX 3JIEMEHTOB ITOJIS F, s ce6s1. Ero spo COCTOUT U3 TaKUX
x € ]F;, gro x2 = 1. [TockoJbKY B I10JI€ pABEHCTBO x2—-1=(x+ 1)(x — 1) = 0 BO3MOXXHO TOJIbKO
s x = +1, MblI 3aKitodaeM, uTo ker ¢ = {+1}, u Bce HemycThle cior ToMOMOPGU3Ma ¢ COCTOAT
U3 JByX 271eMeHTOB. [loaTomy |im¢@| = (p — 1) /2, T.e. pOBHO IIOJOBUHA HEHYJIEBHIX 3I€MEHTOB

1oJIAg IFp SABJIIETCA KBaZpaTaMu. Y3HaTb, SIBJSIETCA JIM KBaZpaToM 3a[aHHOE YKCIO a € IF;; MOXHO
p-1

. o 2
IIPY TIOMOIIK PYyroro roMmoMopdusma i : ]FIX] - IFIX,, x +— x z . Ilo masoii Teopeme depma® Bce
(p — 1)/ 2 HeHyneBBIX KBaZpaTOB JIeXKaT B ero sape. [loatomy | imy| < 2.

YIIPAYKHEHME 1.13. HOKa)KI/ITe, 49TO HeHyTIeBOﬁ MHOTI'OYIEH CTEIIEHN M C KOB(])(l)I/II_II/IeHTaMI/I B IIpOU3-

BOJIBHOM MoJie [k iMeeT B 3TOM IToJie He 6oJiee M pa3IUYHBIX KOPHEH.
p-1
V3 ynpa)kHeHUs BBITEKAET, YTO PABEHCTBO X z = 1 He MOXXeT BHIIIOJIHATHCA Cpasy AJsa Bcex p — 1

3JIEMEHTOB IPYIIITEI [F;. [Moatomy | im | = 2u | kery| = (p—1)/2. Mb1 3akitr09aem, uto ker i cocTout
B TOYHOCTH U3 HEHY/IEBBIX KBaZpaToB 1o F,,. IHBIMU croBamMy, a € IF; SBJIAETCSA KBaZ[PaTOM €CJTU

p=1
uTonbKO ecma 2 = 1. Hanpumep, —1 ABiseTcs kBagpaToM B ose [, ecii 1 ToIbKO eciut (p — 1)/2
YE€THO.

YOPAXKHEHUE 1.14. [TokaxuTe, yto imp = {+1}.

1.5.2. I'pynna romomopéusmos. i1 abesneBrix rpynm A, B yepe3 Hom(A, B) MbI 0603HavaeM
MHOKECTBO BCEX 20MOMOPPU3M08 A — B. DTO MHOXKECTBO sABIAETCSA abeeBoii IPyIINoi OTHOCUTEh-
HO oIlepalliy II0TOYeYHOTo CIOKEeHN A 3HaYeHul: ¢, + ¢, . a = ¢,(a)+ ¢, (a). HyneBbM a71eMeHTOM
rpymnsl Hom(4, B) ABIseTCA Hy/1e801i 20MOMOpPHU3M, OTOOPAKAIOIIUI BCe 3I€MEHTHI IPYIILL A B Hy-
JIeBOY 3/IeMeHT I'pyIIH B.

1.5.3. Tomomopdusmsl kosen. OTobpaxkeHue Kojer ¢ : A — B Ha3bBaeTcs zomomopdusmom
KoJley,, ecJIy AJs JIFOOBIX a,, A, € A B KOJIbIle B BBIIOIHEHE! COOTHOIIEHNA:

fla; +ay) = f(ay) + f(a,)

(1-26)
fla;a,) = f(a)f (ay).

[TockosbKy roMoMopu3M Kosell ¢ : A — B ABnAeTcd roMoMOpGU3MOM aJANTHUBHBIX abeleBhIX
TPYIIT, OH 06JIaZiaeT BCEMU CBOMCTBaMU TOMOMOPU3MOB abesieBbIxX Tpymil. B wactHocTH, @(0) = 0,

1Cp. cn° 0.3 Ha cTp. 5.
2Cm. . 1.1 Ha cTp. 29.
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¢(—a) = —@(a), u Bce HEMyCTHIE CJIOU (@ SABJIAIOTCA CABUTAMU CJIOA HaJ HyNAEM: eciu ¢(a) = b, To

o t(b)=a+kerp ={a+a’|a’ €kerg}.losToMy roMoMOPdH3M ¢ HUHBEKTUBEH TOI/IA ¥ TOJIHKO

Torza, korga kerp = {0}. figpo romomopdusma koser; @ : A — B BMecTe ¢ KaXK/IbIM 3JIEMEHTOM

a € ker @ coiepXuT U Bce KpaTHBIe eMy 37eMeHTH aa’, mockombky @(aa’) = @(a)p(a’) = 0. B

YaCTHOCTH, PO Ker ¢ sBsgeTcsa moaKoabiioM B A. O6pa3 romoMmopdusma kosell ¢ : A — B saBjseTcs

TIOZIKOJIBIIOM B B, HO OH MOXKET He coZlepKaTh eJUHUIILL, U 1 € A MoXXeT He nepelitu B 1 € B.
YIIPAXKHEHMUE 1.15. YOeaurech, uto otobpaxenue Z/(2) — Z/(6), [0] — [0], [1] — [3], aBraeTcs

roMOMOPGU3MOM KOJIEIl.

[TPEAJIOKEHME 1.2

JIto60oti HEHY/IEBOH TOMOMOP(U3M MPOU3BOJBLHOTO KOJbIIA C eIUHUIIEN B TI060€ IeIOCTHOE ' KOIBI[0

[IEPEBOJUT eAVHUILLY B eAVHUILY.
JlOKA3ATE/NBCTBO. 13 paBeHCTB (1) = (1 - 1) = (1) - ¢(1) BeITeKaeT paBeHCTBO

e(1)(1-9(1)) =0.
B 11e7I0CTHOM KOJIBIIE TaKOe BO3MOXKHO 6o 1mpu ¢(1) = 1, mubo npu ¢(1) = 0. Bo Bropom ciaydae
Va€eA ¢(a) =91 -a)= @) ¢(a) =0. 0

1.5.4. Tomomop¢uamel noJieii. Ecv kosbiia A ¥ B ABIAIOTCS TOJSIMHU, TO BCIKUM HEHY/IEBOH ro-
MoMopdu3M Kojer ¢ : A — B aBisgeTcs roMoMOpGU3MOM MYIBTUILTUKATUBHBIX TPYIII STUX ITOJIEH.
B uacthocty, (1) = 1u ¢p(a/b) = ¢(a)/p(b) ans Bcex a uBcex b # 0.

[TPEAJIOKEHME 1.3
JIto60oii HEHYIEBOH TOMOMOPGU3M U3 TIOJIS B IIPOM3BOIBHOE KOJIBIIO SABIAETCS BIOKEHUEM.

JlokA3ATE/ILCTBO. Eciut ¢ (a) = 0 ansa kakoro-uubyzap a # 0, To A1 Kakaoro b

@ ((b)=¢ (bata)=¢ (ba™")p(a)=0.
[ToaToMy /060 HEHYIEBOM TOMOMOPGHU3M U3 TI0JISI UMEET HYJIEBOE SIZPO. O
1.5.5. Xapakrepuctuka. /7151 110600 Kosiblia K ¢ eUHUIEH NMeeTCsT KAHOHUYEeCKUEH rOMOMOp-
¢dusm kosent % : Z — K, 3ajJaHHBIN TPAaBUJIOM

#n(xn)=+(1+...+1), tme neN. (1-27)
——
n
Ero o6pas im » siB/feTCs HaMEHBIINM I10 BKJIIOYEHHUTO TIOAKOJIBIIOM B K ¢ eIUHUIIEH, paBHOH eNHU-
11e Kosibifa K. Eci romoMopdu3am » UHBEKTUBEH, TO TOBOPST, YTO KOJBII0 K UMEET XApaKmMepucmuKy

Hy7b. B IPOTUBHOM ciTy4ae xapakmepucmuxoii char(K) konpua K Ha3bIBaloT HauMeHbIee m € N, a1a
kxoroporo 1 +1 + --- +1 = 0. PaBeHcTBo
——_— ——

m

T+14 = +1=14+1+ ~ +1D)-1+14 - +1)

g g
mn m n

'HamomHIo, 4TO yesocmHbIM Ha3bIBAETCA KOMBIIO C eAUHMIIeil 6e3 HeHy/IeBbIX AeTuTeNel Hynd, cM. n° 1.4.1
Ha cTp. 27.
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MIOKA3BIBAET, YTO XapaKTEPUCTUKA IIeJIOCTHOTO KOJIbIa IN60 paBHA HYIIO, TUOO ABJIAETCI IPOCTHIM
YUCIOM. JIJIS IIeIOCTHOTO KosbLia K XapaKTEPUCTUKU p > 0 roMoMOpOU3M ¥ MEPEBOAUT BCE YUCIIA,
KpaTHBIE P, B HYJIb 1 KOPPEKTHO GaKTOPU3yeTCs 0 TOMOMOpdU3Ma MOJIs BEIYETOB

Hp ! Z/(p) > K, a(modp)m x(a). (1-28)

I[To mpezs. 1.3 romomopdusm (1-28) MHBEKTUBEH, U 3HAYUT, im ¥ = im "y ]Fp. Takum o6paszom,
HauMeHblllee coZiepKaliiee eZIMHUILY MTOAKOJBIIO I[eJIOCTHOTO Kosblla K MOMOoXKUTEIbHOM XapaKkTepu-
CTUKU SIBJISIETCS [TOJIEM, U30MOPGHBIM TOJIO BEIYETOB Z / (p) 1O mpocToMy Moyt p € N, paBHOMY

XapakTepucTuke char K.

1.5.6. IlpocTtoe noamose. [Iycts Tetiepp K = [ aBnaetca noneM. Ero HauMeHbllee IO BKJIIO-
YeHUIOo [TOATI0JIe HasbIBaeTcsA npocmbslm nodnosem B [F. B cuity cBoero onpezesneHus IpocToe NoATIoNe
cozepkuT 06pa3 im(») romomopduama (1-27). Eciu char(F) = p > 0, To IpocTOe MOATOoIE COBIIAAAET
cimy =imux, u nsomopdHo noso BerdeToB Z/(p). Eciu char(F) = 0, To romoMopdu3aM » HHBEKTUB-
HO BkuIazpiBaeT Z B FF. Tak Kak IIPOCTOe IOAIIONE COAEPKUT OOpaTHEIE KO BCEM dJeMeHTaM U3 im ¥,
mpaBwio p/q — x#(p)/x(q) IponomKaeT » 1o BaoxkeHus noseii % ©. Q — FF, o6pa3 KOTOporo coBazaer
C IIPOCTHIM IToATIoNEeM. TeM caMBIM, IPOCTOE ITOATIOJNE II0JIS XapaKTEPUCTUKU HY/Ib N30MOPGHO II0II0
pauMoHaNbHBIX uncen Q.

YIIPAXXHEHUE 1.16. I[IOK@XXUTe, YTO A) KKl HeHyIeBoM roMoMopdr3M U3 oA B ce6s Toxe-
CTBEHHO JleICTBYeT Ha IIPOCTOM IIOZII0JIe B) MeX/Y ITOJAMU PasHOM XapakTepHUCTUKU He cyllle-
CTBYeT HEHY/IEBBIX TOMOMOP)U3MOB.

[TPMEP 1.9 (ABTOMOP®M3MBbI 11015 R)

[MokakeM, YTO KKl HeHyJIeBOU ToMoMopdusm ¢ . R — R ToxkzAecTBeH. [I0CKOIBKY HepaBeH-
CTBO X; < X, PAaBHOCHJIBHO TOMY, 4TO X, — X; = G JJI1 HEKOTOpPOro a # 0, MBI 3aK/IIOYaeM, 4YTO
[ULS1 BCeX X; < X, BBINOJHAETCA HEPaBEHCTBO @(X;) < ¢(x,), 60 ¢(x,) — @(xy) = @(x, — x;) =
= @(a®) = ¢p(a)® > 0. TakuM 06pa3oM, ¢ ABIAETCA CTPOTO MOHOTOHHOH QYHKIMelH, COBIaAome
C TOXK/IECTBEHHBIM OTOOpakeHHeM @(x) = X Ha mpocToM nognosie Q C R.

YOPAXKHEHUE 1.17 (110 AHA/IU3Y). [IOKaXXuTe, YTO CTPOro MOHOTOHHAsA pyHKIMA R — R, coBmaza-
tomas ¢ GpyHkImen @(x) = x Ha mogMHOXecTBe Q C R, coBmaziaeT ¢ He1o BCIOAY.

I[TPUMEP 1.10 (TOMOMOP®L3M PPOBEHUYCA)
B nosne FF xapakTtepuctuku char(FF) = p > 0 oTobpaskeHre BO3BEAEHUS B P-TYIO CTENIEHD

E,: F—F, x> xP, (1-29)

ABJISAETCSA TOMOMOPGU3MOM, TIOCKOJBKY V @, b € F BeimonusioTes paBenctsa (ab)P = a?bP u

p-1
(@+bP =aP +bP + D (1+1+ - +1)-akbP* = aP + bP
k=1%’_/

()

(cp. ¢ mpum. 1.7 u sem. 1.4 Ha cTp. 29). Tomomopdusm (1-29) HazeBaeTcsa zomomopdusmom Ppo-
6eruyca. Kak ¥ BCAKWI HEHy/IeBOY roMOMOPGU3M U3 1OJIs B cebsi, OH TOXXJECTBEHHO ZeHCTByeT Ha
npocroMm nogmnosne F,, C F, cp. co c. 1.1 Ha cTp. 29.
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1.6. IIpaMsle npousBeAeHu. [IpAMoe nponsBezieHNe abeneBbIX TPy A, ..., A,
T4 =41%x... x4, € ((a,.....a,)| a, €A, YV} (1-30)
v
COCTOUT U3 YIODPAZOYEHHBIX HA60POB (a4, ... , 4,,) JIEMEHTOB a, € A, U HajlelaeTca CTPYKTYpor

abesieBOH IPyMITbl HOCPEACTBOM IIOKOMIIOHEHTHBIX OIlepaIyii:
(@ys.ees@y)+ (byy... b)) € (ay +by,...,ay +byy). (1-31)

VIPAKHEHME I1.18. [IpOBephTe, UTO TaK ONpeAeIEHHAs Oepalysa KOMMYTaTUBHA U aCCOI[MAaTHUBHA,
HYJIEBBIM 3JIEMEHTOM /IS Heé siByiAeTcss HaGop Hyeii (0, ..., 0), a IpOTUBOIIOIOKHBIM K HAGOPy
(ay, ..., a,,) AnAeTca HAGOD (—ay, ..., —0y,).
Abenesa rpynmna (1-30) HasbIBaeTCs nPAMbLM npoussedeHuem abeneBbIx IpyI A;. Eciii Bee rpyimst 4;
KOHEYHBI, IIpsiMoe TpousBegenue (1-30) Toxke KOHEYHO U UMeeT TIOPSIIOK

|HAi =114l

[IpsiMoe mpoM3BeAE€HNUE UMEET CMBICI HE TOJIBKO I KOHEYHOTO Habopa, HO U /IS IPOU3BOJIHHOIO
ceMelicTBa abesIeBEIX IPYIII A,,, 3aHyMePOBaHHBIX JJIeMeHTaMH X € X KaKoro-HuOyzap MHOXecTBa X.
Takoe npousBeZieHHe 0603HadaeTcs depes [ [,cx Ay-

AHanornyHbIM 06pasoM, s TI060r0 ceMeHcTBa KOMMYTATUBHBIX KOJIEI] {Kx}x <x OTPE/ieNIEHo
npsimoe npousBeseHye || K,,, ameMeHTaMu KOTOPOTo SIBJIAIOTCS ceMeicTBa (a, xex> A€ KaKzpli
JIeMEHT @, JIEXXUT B CBOEM Koiblie K,.. Omepanuu cloKeHUA U YMHOXEHUA OIpeZeAIoTC TakxkKe
ITOKOMITOHEHTHO:

def . def .
(ax)xex + (bx)xex - (ax + bx)xex ’ (ax)xex (bx)xex - (ax bx)xex
VIIPAYKHEHUE 1.19. YOeJUTeCh, YTO H K, ABIAeTCA KOJIBLOM, IPUYEM eC/IH Bece Kosblia K, UMeroT
eIUHHUIIBI, TO H K, Toxxe umeet eaununy (1, ..., 1).

Hanpuwmep, ecin X = RuBce K, = R, T. e. IepeMHOXaeTcs KOHTHHYyaJIbHOE CeMeUCTBO OZAMHAKOBBIX
9K3eMIUIApOB Mo R, 3aHyMepoBaHHBIX JeMCTBUTENbHBIMU YKcIaMu X € R, To mpsAMoe npou3sse-
nenve [[,cg R, usomopdHO Kombiy GyHKImit f © R — R ¢ 0GBMHEIME ONEPalMAMH HOTOYEYHOTO
CJIOXKEHUSA 1 YMHOXEHUSA 3HAaYeHUH QYHKIINN. DTOT U30MOP(U3M ITepEBOJUT CEMENCTBO BEIeCTBEH-
ueIx uucen (fy) € [[,eg Ry, 3aHyMepoBaHHOE BeleCTBEHHBIM YHCIOM X, B pyHKImio f : R — R,
3HaueHUe KOTOPOIi B TouKe X € R paBHO x-TOMy a/leMeHTy ceMelcTBa: f(x) = f,.

B npsiMoM npou3BeeHUH KoJIel] I060i HeHY/IEBOH 2JIeMeHT, IMEIOLTHIH XOTs OBl OZHY HYJIEBYIO
KOMIIOHEHTY, ABJIAeTcA JenuTeneM Hynd. Hanpuwmep, (0,1, ..., 1) 7e1uT Hynb:

0,1,...,1)(1,0,...,0) = (0, ..., 0).

[ToaTomy mpousBezieHNe HECKOJIbKUX KOJell HUKor/ja He sABjseTcs nojaeM. Hanpumep, B mpousBe/e-
Hnu Fp, XF, koneunsix noneii Fp, u F g, cocTosAmux us p u q 21eMeHTOB, ecTb (p—1)(g—1) 06paTUMBIX
nap (a, b), cocTaBIAIINX MYIbTUIUINKATUBHYIO IPYIIILY IF; X IF;, up+q—1 genurens Hyna suza (a, 0)
u(0,b).

B obuiem ciydae sneMeHT a = (A4, ..., A,,) € K; X ... X K,,, 06paTUM ecJIi 1 TOJIbKO eCIH KaKAas
€ro KOMIIOHeHTa a,, € K, obpaTuMa B cBoéM Koiblle K,,. [TosToMy rpynna o6paTUMBIX 31€MeHTOB
kosbua [ [ K, siBjIseTCs IpsAMBIM IPOM3BEAEHHUEM IPYIIT 00PAaTHMBIX SIEMEHTOB Kosel| K, :

<H K,,)X =[] x> (1-32)
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1.7. Kuraiickas TeopeMa 06 ocTaTkax. IIycTh Ijejioe YUCIO N = N, ... N, ABIAETCA IPpOU3BeJeHreM
MIOIIApHO B3aMMHO IPOCTBIX YUCENI N4, ... , Ny, € Z. OToOpakeHNe, lepeBoAsAllee BrIyeT z (mod n) B
Habop BBIUETOB Z (mod n;) :

9 Z/(m) > L[/(ng) X XL/ ()

(1-33)
2]y = (2] . (2] ) s

KOPPEKTHO OIIpeZie/IeHO, TOCKOJIbKY IIPU BHIOOpE APYyroro NpeAcTaBuTeNd z; = Z, (mod n) pasHOCTb
Zy — Z, JE/INTCA Ha IPOM3BEJCHHE L = Ny ... Ny, U [Zy ]y, = [2,],,, TP Beex i. JIeTKO BUAETB, UTO ¢
IIepeCcTaHOBOYHO CO CIOKEHUEM:

P([2]n + Wly) = @([z+wl,) =
(z+wly,....lz+wl, )=

(21, + Wy s oo L2, + WD, ) =
(2o 2l )+ (Wl s oes Wy ) =
o([z]n) + @(Wly) -

AHaJIOTMYHO IPOBEPSAETCS, YTO (P IIEPECTAHOBOYHO C YMHOXKEHUEM, T. €. ABJIAETCS TOMOMOPOU3MOM
konen. Ecnu [z],, € ker ¢, To z AenuTes Ha KaxzAoe n;, a 3HAYUT, 110 JieM. 1.3 Ha cTp. 26, AenuTcs
U Ha UX [IPOM3BeJeHNe N = N, ... N,,, OTKyAa [z],, = 0. Tak kak ToOMOMOPQU3M C HyJIEBBIM AIPOM
WUHBEKTUBEH U B Kosblax Z/(n) u [[ Z/(n;) onruHakoBoe 9MCIO 3/IEMEHTOB N = N, ... N,,, OTOGpaxke-
Hue (1-33) 6ueKkTUBHO. DTOT GaKT U3BECTEH KaK Kumaiickas meopema o6 ocmamkax.

Ha >xuTeiicKoM A3BIKE OH 03HAYAET, YTO JJIA JTI060r0 Habopa OCTaTKOB 7y, ... , Ty, OT JeJeHUd Ha
MIONIapHO B3aWMHO IIPOCThIE YUCIA Ny, ... , N, BCerja HalAETCA YUCIIO Z, UMelolllee OCTaTOK 7; OT Jie-
JIEHUA Ha N; OZAHOBPEMEHHO /LA BCeX I, TPUYEM JIF0ObIe 1Ba TAKUX YUCTIA Z, , Z, PA3/INYaI0TCA Ha I[eJIoe
KpaTHOe YucIa n = Ny ... N. [IpakTU4ecKoe OTBICKaHUE TAKOT'O Z OCYILECTBJIAETCA C IIOMOLILIO ajl-
roputMa EBkimpaa —Taycca ciegyromum o6pa3oM. 3 B3aUMHOM IPOCTOTEL YXC/IA 1; C OCTAIBHBIMU
YUCIaMU N, BBITEKaeT', 4To n; B3aMMHO IIPOCTO ¢ pousBezieHreM m; = [, £i Ny~ [loaTOMY 211 KaXK-
Joro i HalAyTed Takue X;, y; € Z, 9410 n;x; + m;y; = 1. Yucno b; = m;y; Aaét ocraTok 1 OT AeneHus
Han; U JeJUTca Ha Bee n, ¢V # i. Yucno z = b, + ... + 1, b, pelmaer 3agady.

[IPUMEP I.1I

Haiizém HauMeHblIee HaTypajJbHOE YUCIO0, UMeIollee OCTaTKU 1, = 2,7, = 7 U 13 = 43 OT Ae/leHus,
COOTBETCTBEHHO, Ha n; = 57,1, = 91 uny; = 179. CHavana HaiaéM 4ncio, obparHoe k 91 - 179
mo Mozyro 57: 3amevaeM, uro 91 - 179 = 34 - 8 = —13 (mod 57), npumeHsiem anroputm EBkmza —
Taycca? k a = 57 u b = 13 u npuxoauM K paseHcTBy 22 - 13 — 5 - 57 = 1. TakuM 06pasoM, YHCIIO

b, =—=22-91-179 (=22 -13(mod 57))

JaéT nipu genenuu Ha 57,91 u 179 ocraTtku (1, 0, 0). AHAJIOTMYHO HAXOAUM YHCIa

b, =—33-57-179 (= 33-11(mod 91))
by =—45-57-91 (=45 -4 (mod 179))

TTo Bcé Toit sxe em. 1.3 Ha cTp. 26.
2Cm. n° 1.2.2 Ha cTp. 24.
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Jatormue pu gesenunn Ha 57, 91 u 179 ocrarku (0, 1, 0) u (0, 0, 1) coorBeTcTBeHHO. TpebyeMbie
ocraTkH (2, 7, 43) uMeeT YHCIIO

z=2b;+7b, +43b; =—(2-22-91-179+7-33-57-179+43-45-57-91) =
=—(716716+ 2356893 + 10036 845) = —13110454,

a TakKe Bce YMCJIA, OTIMYAIOTCA OT Hero Ha Iiejible KpaTHbBle yucaan = 57 - 91 - 179 = 928473.
HanMmeHBbIINM ITOTOXKXUTENBHBIM CPeJiM HUX ABJAeTCA Z + 15n = 816 641.



OTBeThI U YKa3aHUA K HEKOTOPBIM yIIPpaXXHEHUAM

yop. 1.2. OtBeTBl: 1 + XU XYy +x + .

Yrip. 1.3. Ecii YMHOXXUTD YMCIIUTENTh U 3HAMeHaTesIb 10605 pobu B JIeBOi yacTy paBeHcTB 1-11 Ha c,
YUCJIUTENb U 3HaMeHaTesb IIPaBol YacTH TaKKe YMHOXUTCA Ha ¢. OTcioza ciesyeT KOppeKTHOCTbD.
[TpoBepKa akcHoM 6eCXUTPOCTHA.

ymp. 1.5. IlycTts ax, + by, = k. Torza a(x, +nf) + b(y, — na) = ax, + by, + n(af — ba) = k npu Bcex

n € Z.Ecmm ax + by = k, 10 a(x — x,) = —b(y — y,) Aemtca Ha HOk(ab) = affd. Tem caMbIM, 9UCIIO
n=x-x))/B=—-O—-y))/a €L ux=xy+nf,ay =y, —na.
yip. 1.6. [TycTb yuciia TabauIb! (m }t} > VZOBJIETBOPAIOT paBeHCTBAaM m = xa + by, n = as+btu
n
ml x/ y/
xt — ys = 1. [Ipubapnsasa Kk 1-# cTpoke 2-10, YMHOKEHHYIO Ha Kk, TIOJTydaeM TaGIuIry < ] >,
n s

BkoTopoiim’ = m+nk,x’ = x +ks,y’ =t + kt. Toraa

m’ = ax + by + k(as + bt) = ax’ + by’
x't—y's=xt—ys+kst—kst=1.

VYmp. 1.7. TlogcTaBeTe B 3TO paBeHCTBO X =y = 0.

Vmp. 1.8. CyllecTBOBaHUe pa3ioykeHUA. EC/IM YMCIO n IPOCTOE, TO OHO CaMO U OyZIeT CBOUM PasJioKe-
HueM. Eciii n cocTaBHOe, TPeICTaBUM €T0 B BU/IE IPOU3BE/ZIEHUSA CTPOTO MEHBINUX 10 abCOTIOTHOMN
BeJIMUMHE YHCeN, KaXZ0e U3 KOTOPHIX B CBOIO Oo4Yepeb WIK IIPOCTO WU SBJIAETCA IIPOU3BeJeHUEM
CTPOTO MEHBIIUX TI0 a6COMOTHOM BETUYNHE YHUCET U T. . [IOCKOIBbKY MOAYJ/Ib IIEJIOTO YHCIa HETb3s
6GECKOHEYHO /JIOJITO YMEHBIIIATh, MBI B KOHIIE KOHIIOB TIOJIYYUM TpebyeMoe pasjioKeHue.

EauHCcTBEHHOCTD pasioxkeHus. st TF060ro IIPOCTOTO YKcIa p 1 JII0OOTO 1eIoro Z UMEeTCs alb-
TepHaTUBa: nbo HOA(Z, p) = |p|, v Torga z Aenurtcs Ha p, b0 HOA(Z, p) = 1, U TOTZA Z B3AUMHO
npocr ¢ p. [TycTb B pPaBEHCTBE P, ... P = ¢ ... G,y Bce cOMHOXUTENH npocThl. Tak Kak [ | q; Aenures
Ha p,, YUCJIO P, He MOXeT OBITh B3AUMHO IIPOCTO C KaXABIM @; B culy JeM. 1.3 Ha cTp. 26. Comac-
HO YIIOMSHYTOH a/IbTepHATHUBe, XOTA 6Bl OAVH U3 MHOXUTeNeH q; (6yAeM cuuTaTh, 4TO q,) AeNUTCA
Ha p, . [lockonbKy q, TIpocT, q,; = +p,. CokpaljaeM nepBble MHOKUTEIH U IOBTOPSIEM pacCy:KAeHue.

yrp. 1.9. Ilpu mo6om k € N ymHOxeHHe Ha knacce [x]~*[y] mepeBoauT kiacc [akx] B KJIacc [aky], a
YMHOXXeHMe Ha KJacc [x][y]_1 TIepeBOJUT KJIacc [aky] Ha3zaz B [akx].

n n
yre. 1.11. Kiace (";fl ) (mod p) paBeH KoaddunmenTy Ipu xP | BO3HUKAIOIIEMY IIOC/IE PACKPHITHUA CKO-
n
60K U IpUBeAeHYs MOAOGHEIX caaraeMbx B 6uHome (1 + x)™P maz monem F,. llociepoBarenbHo

npumMeHssa popmynay ¢opm. (1-24) Ha cTp. 28, monydaem

n-2

A+0P ™M= (1+20P)" "=(1+27)7 "= (A+2PP)’ "= (14x7) "=
= (1 + xpn)m =1+mxP" + crapume cTeneHu

Yop. 1.13. Ecmm unero a € k siBnsiercss kopHeM MHorowrieHa f (x), To f(x) gemutes Ha (x — ) (paszenu-
Te f(x) Ha (X — @) C OCTATKOM U TIO/ICTaBbTE X = ).

vmp. 1.14. Tlo Manoii Teopeme ®Pepma’ Kax LI 2MeMeHT X € im 1) YAOBIETBOPAET ypaBHeHHIo x2 = 1.

'Cm. cn. 1.1 Ha cTp. 29.
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Yp. 1.16. HeHyneBoii romoMopdu3M mosieli ”HbeKTUBEH, TIEPEBOAUT €IUHUITY B €IMHUILY U TEPECTaHO-
BOYEH CO CIOXKEHHEM, BhIYUTaHIeM, YMHOXeHUEM U JeneHneM . [IpocToe MOATIoNe COCTOHT U3 3Je-
MeHTOB Buzga +(1 + - + 1) /(1 + -+ + 1), KaKABII U3 KOTOPBIX OCTaéTcs Ha MecTe. Ectu umeercs
HeHyseBoi romoMopdusm k — [F, To paBeHCTBO MJIM HEPABEHCTBO HYJ/IO CYMMbI HEKOTOPOTO KO-
JIMYeCcTBA eUHUI] B 1Tosie [k BIeY€T TOYHO TaKOe XKe PaBEHCTBO WIM HepaBeHCTBO B noe F, oTkyza
chark = charF.

yop. 1.17. BOCHOJILByfITECB TE€M, 4TO R sABIsI€TCA MHOXKECTBOM Jle/IeKUHAOBBIX ceuyeHUM TUHENHO yrnops-
AOYEHHOI'O MHOKECTBA Q

1Cm. n° 1.5.4 Ha cTp. 31.
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